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PREFACE. 


The  two  Memoirs  by  M.  Chasles,  "  On  the  Properties 
of  Cones  of  the  second  Degree,"  and  "  On  the  Spherical 
Conies,"  of  which  a  translation  is  now  presented  to  Eng- 
lish geometers,  were  printed  in  the  sixth  volume  of  tlie 
Transactions  of  the  Royal  Academy  of  Brussels.  Whe- 
ther they  are  considered  merely  as  exercises  of  pure 
geometry,  exhibiting  its  elegance  and  power  in  a  re- 
markable degree,  or  as  a  rich  and  early  contribution  to 
the  theory  of  spherical  curves,  they  possess  strong  claims 
on  the  attention  of  mathematicians. 

But,  published  as  they  were,  they  remained  unseen 
by  the  greater  number  of  our  geometers,  so  that  it 
appeared  highly  desirable  to  make  them  more  generally 
known  by  means  of  a  reprint  or  translation  ;  more  es- 
pecially as  there  is  no  detached  work  in  the  English 
language  treating  of  the  same  subject.  Most  readers 
would  doubtless  prefer  to  see  M.  Chasles'  Memoirs 
reprinted  in  their  original  language ;  but  the  small 
additional  trouble  which  the  translation  of  them  has 
cost,  will  not  have  been  vainlv  incurred,  if  a  few  readers 
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benefit  by  It  who  are  not  perfectly  familiar  with  the 
French  idiom. 

The  matter  contained  in  the  Notes  and  Additions  by 
the  Translator  is  for  the  most  part  original.  Some  theo- 
rems relating  to  the  anharmonic  function  of  four  points 
and  to  the  involution  of  six  points,  have  been  borrowed 
from  the  notes  to  M.  Chasles'  admirable  Histoire  de  la 
Geometric. 

In  the  Appendix  will  be  found  the  outline  of  a 
system  of  analytic  geometry,  intended  to  accomplish  for 
the  surface  of  the  sphere  what  the  method  of  rectilinear 
coordinates  has  already  effected  for  the  plane.  The 
Author  has  barely  traced  this  outline  :  any  reader  tole- 
rably conversant  with  the  common  processes  of  algebraic 
geometry  will  be  able  to  fill  it  up ;  and  none  will  com- 
plain of  the  incompleteness  of  a  sketch  which  comprises 
in  five  and  twenty  pages  the  leading  principles  of  the 
algebraic  geometry  of  the  sphere,  and  their  application 
to  the  spherical  conies.  Those  who  are  anxious  to 
pursue  this  subject  farther,  will  find  formulae  for  the 
transformation  of  spherical  coordinates,  and  a  discussion 
of  the  general  equation  of  the  second  degree,  in  a  paper 
which  the  Author  had  the  honour  of  laying  before  the 
Royal  Irish  Academy  on  the  28th  of  June,  1841. 

The  twelfth  volume  of  the  Transactions  of  the  Royal 
Society  of  Edinburgh  contains  two  elaborate  papers  on 
the  use  of  spherical  coordinates,  by  Mr.  S.  T.  Davies. 
Tlie  method  which  he  employs  leads  him  necessarily  to 
unsymmctrical  results,  just  such  as  we  should  meet  with, 
if,  in  the  analytic  geometry  of  the  plane,  we  restricted 
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ourselves  to  the  use  of  polar  coordinates ;  and,  in  fact, 
Mr.  Davies'  method  ought  to  be  called  that  of  spherical 
polar  coordinates.  But  it  may  often  be  used  with  ad- 
vantage ;  a  few  of  the  formulae  most  necessary  in  its 
application  are  therefore  given  in  the  thirteenth  section 
of  the  Appendix. 

After  the  Author  had  constructed  the  theory  of 
spherical  coordinates,  which  he  now  lays  before  the 
reader,  his  attention  was  directed,  by  a  note  attached  to 
one  of  Mr.  Davies'  papers,  to  articles  published  by  Pro- 
fessor Gudermann,  of  Cleves,  in  Crelle's  Journal  of 
Pure  and  Applied  Mathematics.  From  them  he  learned, 
to  his  regret,  he  must  own,  that  he  had  been  antici- 
pated in  the  choice  of  his  coordinates  by  Professor 
Gudermann,  who  has  employed  them  successfully  in 
investigating  general  properties  of  the  spherical  conies. 
However,  as  the  Author  has  not  yet  been  able  to  pro- 
cure the  work  on  Analytic  Spherics,  written  by  the  Pro- 
fessor, and  referred  to  in  the  papers  Inserted  in  Crelle's 
Journal,  he  is  ignorant  as  to  whether  he  has  been  also 
anticipated  in  the  use  of  the  differential  calculus  in  dis- 
cussing curves  represented  by  an  equation  between 
splierical  coordinates,  and  in  the  invention  of  general 
formulae  for  the  transformation  of  such  coordinates. 
These  steps  being  made,  the  theory  is  complete,  and 
nothing  remains  but  to  apply  it. 

The  Author  had  Intended  to  add  a  second  Appendix, 
containing  those  theorems  relative  to  the  plane  conic 
sections,  which  may  be  deduced  from  the  properties  of 
the  spherical  conies  stated  in  his  Notes  and  Additions, 
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but  he  leaves  this  to  the  reader,  who  will  find  no  diffi- 
culty in  doing  it. 

The  Members  of  the  Board  of  Trinity  College, 
Dublin,  have  contributed,  with  their  wonted  liberality 
towards  the  expense  of  publishing  this  work.  It  is  in- 
tended for  the  use  of  undergraduate  students  in  the 
University  of  Dublin  ;  and,  it  is  hoped,  may  be  useful 
in  directing  their  prevailing  taste  for  pure  geometry  to 
interesting  and  worthy  objects. 


ERRATA. 

Page  51,  line  17,  second  col.  for  foci,  read  focus. 

56, 22,  second  col.  for  given,  read  assumed. 

98,  last  line  but  one,  fur  p,  read  A  p. 

-  Ill,  line  10,  fur  tan'ii,  read  4  tan^r. 
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CONES  OF  THE  SECOND  DEGREE. 


In  a  preceding  Memoir  on  the  general  properties  of  the  sur- 
faces of  revolution  of  the  second  degree,  inserted  by  order  of 
the  Royal  Academy  in  the  collection  of  its  memoirs,  we  de- 
monstrated various  properties  of  the  cones  of  the  second  degree, 
which  presented  themselves  as  immediate  consequences  of  the 
principles  which  we  had  founded  upon  the  polar  transforma- 
tions of  these  cones  and  of  the  conic  sections. 

We  now  propose  to  discuss,  by  a  direct  method,  some  of  the 
general  properties  of  the  cones  of  the  second  degree.  We 
might  have  continued  to  employ  the  theory  of  polar  transfor- 
mations ;  but  there  is  a  more  simple  mode  of  proceeding,  alto- 
gether independent  of  this  theory.  This  mode  is  purely  geo- 
metrical, requiring  only  a  knowledge  of  the  most  elementary 
properties  of  the  circle. 

The  only  properties  of  the  cones  of  the  second  degree  which 
we  shall  assume  as  known  are  the  two  following  : 

"  In  every  cone  of  the  second  degree  there  are  three  rectan- 
gular conjugate  axes.  There  are  also  two  series  of  circular 
sections,  situated  in  planes  parallel  to  two  jfixed  planes." 

This  second  proposition,  which  we  receive  without  demon- 
stration, as  it  is  to  be  found  in  the  elementary  treatises  on 
surfaces  of  the  second  degree,  is  the  basis  of  our  entire  work  ;* 
and  the  numerous  theorems  to  which  we  shall  be  led  will  all 
be  deductions  from  this  principle  ;  and  easy  deductions,  inas- 
much as  they  will  appear  to  result  from  elementary  properties 
of  the  circle ;  so  that  we  might  say  that  our  various  theorems 

*  This  general  property  of  the  cones  of  the  second  degree  is  due,  I 
beheve,  to  Descartes,  who  demonstrated  it  by  the  new  principles  of  his 
geometry.  His  proof  is  to  be  found  in  the  6th  vol.  of  his  Lettres  (12mo. 
ed.  1724,  1725.) 
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are,  as  it  were,  iascribeJ  upon  the  planes  of  the  circular  sections 
of  the  cones  of  the  second  dei^ree. 

These  theorems  might  also  be  demonstrated  by  algebraic 
analysis;  but  this  method,  which  in  general  offers  so  great 
advantages,  loses  them  all  in  this  case,  since  it  often  requires 
very  tedious  calculations,  and  exhibits  no  connexion  between 
the  different  propositions ;  so  that  it  is  only  useful  in  verifying 
those  which  are  already  known,  or  whose  truth  has  been 
otherwise  suggested  as  probable. 

SECTION  I. 

PRELIMINARY    CONSIDERATIONS. 

1 .  A  cone  of  the  second  degree  is  one  which  has  a  conic 
section  for  its  base. 

Let  there  be  two  tangent  planes  ;  their  traces  on  the 
plane  of  the  conic  section  will  be  two  tangents  to  this  curve ; 
the  plane  containing  the  two  sides  of  the  cone  along  which 
it  is  touched  by  the  tangent  planes,  wiH  meet  the  plane 
of  this  conic  section  in  the  chord  which  joins  the  points  of 
contact  of  the  two  tangents  ;  this  chord  is  the  polar,  with 
relation  to  the  conic  section,  of  the  point  of  concourse  of 
the  two  tangents :  hence  we  say  that  the  plane  of  the  two 
sides,  along  which  the  two  tangent  planes  touch  the  cone,  is 
the  polar  plane,  with  relation  to  the  cone,  of  the  right  line  of 
intersection  of  these  two  tangent  planes  ;  and  this  right  line 
is  called  the  polar  of  the  plane  of  these  two  sides  of  contact. 

It  is  well  known  that,  in  the  conic  section  which  is  the  base 
of  the  cone,  all  the  right  lines  drawn  through  the  same  point 
have  their  poles  upon  the  polar  of  this  point ;  it  follows,  there- 
fore, that 

In  a  cone  of  the  second  degree,  all  the  planes  passing  through 
the  same  axis*  have  their  polars  situated  in  the  polar  plane  of 
this  axis. 

Hence,  if,  in  the  polar  plane  of  any  axis,  we  draw  arbitrarily 
a  second  axis,  the  polar  plane  of  this  latter  will  pass  through 
the  first  axis  ;  and  so  these  two  axes  are  called  conjugate :  their 
polar  planes  are  also  said  to  be  mutually  conjugate ;  so  that 
two  diametral  planes  of  a  cone  of  the  second  degree  are 
conjugate,  ichen  the  polar  of  one  of  them  is  in  the  other  plane. 
2.  Since  every  transversal  plane,  which  cuts  the  cone  in  a 
conic  section,  cuts  the  polar  plane  of  any  axis  in  a  right  line 

*  We  apply  the  name  "axis"  to  every  right  line  passing  through  the 
A'ertex  of  the  cone. 
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which  is  the  polar,  with  relation  to  the  conic  section,  of  the 
point  where  this  plane  meets  this  axis,  it  follows  that  if  this 
transversal  plane  be  parallel  to  the  polar  plane  of  the  axis,  it 
will  cut  the  cone  in  a  conic  section  whose  centre  will  be  the 
point  where  it  cuts  this  axis,  since  the  polar  of  this  point  will 
be  at  an  infinite  distance. 

Hence,  the  polar  plane  of  any  axis  of  a  cone  is  such  that 
every  plane  which  is  parallel  to  it  cuts  the  cone  in  a  conic 
section  icJiose  centre  is  upon  this  axis  ;  and  conversely,  the 
polar  axis  of  a  plane  is  the  geometrical  locus  of  the  centres  of 
the  sections  made  in  the  cone  by  planes  parallel  to  this  plane. 

3.  Through  the  vertex  of  a  cone  of  the  second  degree,  we 
might  draw,  in  an  infinite  number  of  different  ways,  three 
right  lines  such  that  each  of  them  should  be  the  polar  of  the 
plane  of  the  two  others.  For,  after  having  taken  the  polar 
plane  of  one  right  line,  let  us  take  the  polar  plane  of  a  second 
right  line  drawn  in  this  first  polar  plane  ;  these  two  planes 
will  intersect  in  a  third  right  line,  which  will  be  the  polar  of 
the  plane  of  the  two  first ;  so  that  these  three  right  lines  will 
be  so  related  to  each  other  that  each  of  them  w  ill  be  the  polar 
of  the  plane  of  the  two  others ;  and  consequently,  each  of 
them  is  the  locus  of  the  centres  of  the  sections  made  in  the 
cone  by  planes  parallel  to  the  plane  of  the  two  others :  these 
three  right  lines  form  a  system  of  conjugate  axes. 

Hence,  in  every  cone  of  the  second  degree  there  is  an  infinite 
number  of  systems  of  three  conjugate  axes. 

4.  It  is  clear  that  three  conjugate  axes  meet  a  transversal 
plane,  in  three  points  of  which  each  is  the  pole  of  the  right 
line  which  joins  the  two  others,  with  relation  to  the  conic 
section  in  which  this  plane  cuts  the  cone  ;  if,  therefore,  this 
plane  be  parallel  to  the  plane  of  two  of  the  three  conjugate 
axes,  it  will  cut  the  two  other  faces  of  the  trihedral  angle 
formed  by  these  three  axes,  along  two  conjugate  diameters  of 
the  conic  section  in  which  this  plane  cuts  the  cone. 

These  properties  of  three  conjugate  axes  of  a  cone  of  the 
second  degree  shew  that  it  is  very  useful  in  analytic  geometry 
to  take  three  conjugate  axes  for  the  three  axes  of  coordinates, 
.T,  y,  z,  because  then  the  equation  of  the  cone  contains  only 
the  squares  of  the  three  coordinates.  For  every  plane  paral- 
lel to  the  plane  of  two  of  these  axes  w'ill  cut  the  cone  in  a 
conic  section  which  will  have  its  centre  upon  the  third  axis, 
and  two  conjugate  diameters  respectively  parallel  to  the  two 
first  axes;  consequently,  the  equation  of  the  projection  of 
this  conic  section  upon  the  plane  of  the  two  first  axes  will  be 
referred  to  two  conjugate  diameters,  and  will,  therefore,  con- 
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tain  only  the  squares  of  the  two  coordinates ;  which  proves 
that  the  equation  of  the  cone  itself  contains  only  the  squares 
of  the  three  coordinates. 

5.  It  is  known  that,  amongst  all  the  systems  of  conjugate 
axes  belonging  to  a  cone  of  the  second  degree,  there  is  one  in 
which  the  three  axes  are  rectangular.  Hence,  every  plane 
perpendicular  to  one  of  these  axes  cuts  the  cone  in  a  conic 
section  which  has  its  centre  upon  this  axis,  and  its  principal 
diameters  parallel  to  the  two  other  axes. 

One  of  these  axes  lies  in  the  interior  of  the  cone,  and  every 
plane  which  is  perpendicular  to  it  cuts  the  cone  in  an  ellipse ; 
the  two  other  axes  are  outside  the  cone,  and  every  plane  per- 
pendicular to  either  of  them  cuts  the  cone  in  a  hyperbola 
whose  asymptotes  are  parallel  to  the  two  sides  of  the  cone, 
which  are  parallel  to  the  cutting  plane. 

Of  the  three  rectangular  conjugate  axes,  the  one  which  lies 
in  the  interior  of  the  cone  will  henceforv/ard  be  designated  as 
the  principal  axis  of  the  cone  ;  that  which  is  parallel  to  the 
major  axis  of  the  ellipse,  in  which  the  cone  is  cut  by  a  plane 
perpendicular  to  the  principal  axis,  will  be  called  the  major 
axis  of  the  cone ;  and  the  one  which  is  parallel  to  the  minor 
axis  of  this  ellipse,  will  be  denominated  the  minor  axis  of 
the  cone. 

The  plane  which  contains  the  principal  axis  and  the  major 
axis  will  be  the  plane  of  the  greatest  section  of  the  cone ;  the 
plane  which  contains  the  principal  axis  and  the  minor  axis 
will  be  the  plane  of  the  least  section  of  the  cone  ;  and  finally, 
the  plane  which  contains  the  major  and  the  minor  axes  will 
be  the  principal  plane  of  the  cone. 

It  is  manifest,  that  the  principal  plane  does  not  cut  the  cone 
along  any  side ;  that,  among  all  planes  which  can  be  drawn 
through  the  principal  axis,  the  plane  of  the  greatest  section  is 
that  which  cuts  the  cone  along  the  two  sides  which  contain 
between  them  the  greatest  angle  ;  and  that  the  plane  of  the 
least  section  is  that  which  cuts  it  along  the  two  sides  which 
contain  between  them  the  least  angle. 

The  tangent  planes  to  the  cone  passing  through  the  axis 
major,  touch  it  along  the  two  sides  contained  in  the  plane  of 
the  least  section  ;  the  tangent  planes  passing  through  the 
minor  axis  touch  it  along  the  tM^o  sides  contained  in  the  plane 
of  the  greatest  section  ;  and  finally,  through  the  principal  axis 
no  tangent  plane  can  be  drawn  to  the  cone. 

It  is  further  to  be  remarked,  that  every  plane  passing 
through  the  principal  axis  cuts  the  cone  along  two  sides, 
which  make  equal  angles  with  this  axis ;  and  that  if  a  plane. 
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passing  through  the  major  or  minor  axis,  cuts  the  cone,  the 
two  sides  of  intersection  will  also  make  equal  angles  with  this 
axis. 

If  the  section  of  the  cone,  made  by  a  plane  perpendicular  to 
its  principal  axis,  be  a  circle,  instead  of  being  an  ellipse,  all 
the  sides  of  the  cone  will  make  the  same  angle  with  this  prin- 
cipal axis,  and  the  cone  will  be  one  of  revolution. 

6.  Let  there  be  a  cone  of  the  second  degree  ;  through  its  ver- 
tex let  us  draw  right  lines  perpendicular  to  its  tangent  planes, 
they  will  form  a  second  cone,  which  will  be  of  the  second 
degree ;  since  every  plane  passing  through  its  vertex  can  only 
cut  it  along  two  sides  ;  for  if  a  plane  were  to  cut  it  along  three 
sides,  these  sides  would  be  perpendicular  to  three  planes 
touching  the  proposed  cone,  which  planes  would  pass  through 
the  same  right  line  perpendicular  to  the  plane  of  the  three 
sides  ;  which  is  impossible,  since  through  a  right  line  only  two 
tangent  planes  can  be  drawn  to  a  cone  of  the  second  degree. 
Consequently,  the  second  cone  is  of  the  second  degree. 

Two  adjacent  sides  of  this  cone,  that  is,  two  sides  infinitely 
near,  are  perpendicular  to  two  adjacent  planes  touching  the 
proposed  cone ;  the  plane  of  these  two  sides  is  perpendicular 
to  the  right  line  of  intersection  of  the  two  adjacent  tangent 
planes  ;  that  is  to  say,  the  tangent  planes  to  the  second  cone 
are  perpendicular  to  the  sides  of  the  first ;  we  have,  therefore, 
the  following  theorem  : 

The  right  lines  drawn  through  a  fixed  point  perpendicular 
to  the  tangent  planes  to  a  cone  of  the  second  degree,  form  a 
second  cone  of  the  second  degree  ; 

And  the  tangent  planes  to  this  second  cone  are  perpendicu- 
lar to  the  sides  of  the  first. 

7.  Hence,  to  each  side  a  in  the  first  of  the  two  cones  cor- 
responds a  plane  p  touching  the  second  cone,  which  plane  is 
perpendicular  to  this  side  a. 

This  plane  p  touches  the  second  cone  exactly  along  the 
side  which  corresponds  to  the  plane  touching  the  first  cone 
along  the  side  a.  For  the  side  of  contact  of  the  plane  P  and 
of  the  second  cone  is  perpendicular  to  a  plane  touching  the 
first  cone ;  this  plane  will  necessarily  pass  through  the  per- 
pendicular to  the  plane  p,  which  is  the  side  a  of  the  first  cone; 
it  will  therefore  touch  this  cone  along  this  side  a.  There- 
fore, 

To  a  side  of  the  first  cone  and  to  the  tangent  plane  passing 
through  this  side,  correspond  a  tangent  plane  to  the  second 
cone  and  the  side  of  contact  ivith  this  tangent  plane. 

8.  To  two  planes  touching  the  first  cone  correspond  two  sides 
of  the  second  cone  ;  the  plane  of  these  two  sides  is  perpen- 
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dicular  to  the  right  line  of  intersection  of  the  two  tangent 
planes,  and  the  planes  touching  the  second  cone  along  these 
sides  are  perpendicular  to  the  sides  of  contact  of  the  two 
planes  touching  the  first  cone  ;  their  right  line  of  intersection 
is  perpendicular  to  the  plane  of  these  two  sides  of  contact ; 
therefore, 

To  a  right  line  and  to  its  polar  plane,  with  relation  to  the 
first  cone,  correspond  a  plane  and  its  polar,  with  relation  to 
the  second  cone. 

9.  Hence  it  follows,  that  to  two  conjugate  axes  of  the  first 
cone  correspond  two  conjugate  planes  of  the  second  cone. 

For  the  polars  of  these  two  planes,  with  relation  to  the 
second  cone,  will  correspond  to  the  two  polar  planes  of  the 
two  axes  of  the  first  cone  ;  these  two  planes  mutually  pass 
through  these  two  axes,  since  these  axes  are  conjugate  ;  there- 
fore, the  two  right  lines  which  correspond  to  these  planes  are 
mutually  in  the  diametral  planes  of  the  second  cone,  which 
proves  that  these  two  planes  are  conjugate  (1). 

10.  To  two  right  lines  drawn  arbitrarily  through  the  vertex 
of  the  first  cone,  will  correspond  in  the  second  cone  two 
planes,  containing  betM'een  them  an  angle  equal  to  the  sup- 
plement of  that  of  the  two  right  lines ;  the  intersection  of 
these  two  planes  will  be  perpendicular  to  the  plane  of  the 
two  right  lines. 

These  relations  between  the  two  cones  are  the  same  as  those 
which  exist  between  two  supplementary  trihedral  angles,  or 
between  two  supplementary  spherical  triangles  ;  on  this  ac- 
count we  shall  call  the  two  cones  supplementary  one  to  the 
other. 

From  what  has  been  said,  it  is  plain  that  the  properties  rela- 
tive to  the  angles  contained  by  certain  planes  and  right  lines 
passing  through  the  vertex  of  the  first  cone  will  give  rise  to 
properties  of  corresponding  right  lines  and  planes  in  the  second 
cone  ;  so  that  the  properties  of  cones  of  the  second  degree  are 
double,  as  well  as  those  of  spherical  triangles. 

1 1 .  Let  us  suppose  that  the  two  supplementary  cones  have 
the  same  vertex. 

To  three  conjugate  diameters  of  the  first  cone  will  evidently 
correspond  three  conjugate  diametral  planes  of  the  second 
cone  (9).  Therefore,  to  the  three  rectangular  conjugate  dia- 
meters of  the  first  cone  will  correspond  the  three  rectangular 
conjugate  diametral  planes  of  the  second.  To  the  principal 
axis  of  the  first  cone  will  correspond  the  principal  plane  of  the 
second  ;  so  that  the  two  cones  Mill  have  the  same  principal 
axis  and  the  same  principal  plane.  But  the  plane  of  the 
greatest  section  of  the  first  will  be  the  plane  of  the  least  sec- 
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tion  of  the  second,  since  tlie  angle  between  the  two  sides  of 
the  second  cone  contained  in  this  plane  will  be  the  supplement 
of  the  angle  between  the  two  sides  of  the  first  cone  contained 
in  this  plane  :  in  like  manner,  the  plane  of  the  least  section 
of  the  first  cone  will  be  the  plane  of  the  greatest  section  of 
the  second.  It  follows,  that  the  major  axis  of  the  first  cone 
Avill  be  the  minor  axis  of  the  second,  and  the  minor  axis  of 
the  first  cone  will  be  the  major  axis  of  the  second. 

12.  It  is  known  that  every  cone  of  the  second  degree  may 
be  cut  in  circular  sections  by  two  series  of  planes  parallel  to 
two  fixed  planes  ;  and  that  these  two  fixed  planes  being  drawn 
through  the  vertex  of  the  cone,  pass  through  its  major  axis, 
and  are  therefore  perpendicular  to  the  plane  of  the  least  sec- 
tion. 

As  these  two  fixed  planes  possess  a  great  number  of  proper- 
ties which  we  are  about  to  state,  we  are  under  the  necessity 
of  designating  them  by  a  particular  name,  and  we  shall  call 
them  cyclic  planes. 

Thus,  the  cyclic  planes  of  a  cone  of  the  second  degree  are 
two  fixed  planes  passing  through  its  vertex,  and  parallel  to 
the  planes  of  the  circular  sections  of  the  cone. 

13.  Two  conjugate  axes  of  the  cone  contained  in  a  cyclic 
plane,  are  always  at  right  angles,  since  they  are  parallel  to 
two  conjugate  diameters  of  the  section  of  the  cone  made  by  a 
plane  parallel  to  the  cyclic  plane,  this  section  being  a  circle  ; 
hence. 

The  cyclic  planes  of  a  cone  possess  this  characteristic  pro- 
perty, that 

Two  conjugate  axes  of  the  cone  contained  in  a  cyclic  plane 
are  always  at  right  angles. 

14.  To  the  cyclic  planes  of  a  cone  correspond,  in  the  sup- 
plementary cone,  two  right  lines  perpendicular  to  these  cyclic 
planes.  Two  conjugate  axes  of  the  first  cone,  contained  in  a 
cyclic  plane,  being  at  right  angles  (13),  we  infer  that  two 
conjugate  planes  of  the  supplementary  cone,  passing  through 
one  of  the  two  right  lines  just  mentioned,  are  at  right  an- 
gles. 

A  plane  perpendicular  to  one  of  these  right  lines  will  cut 
the  cone  in  a  conic  section,  and  the  two  conjugate  planes  in 
two  right  lines  perpendicular  to  each  other,  and  such  that  the 
pole  of  one  of  them,  with  relation  to  the  conic  section,  will  be 
upon  the  other  right  line  (1).  Thus,  the  point  where  the 
cutting  plane  meets  the  right  line  in  question  is  such  that 
every  secant  passing  through  this  point  has  its  pole,  with 
relation  to  the   conic  section,  upon  the  perpendicular  to  this 
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secant  passing  through  the    point.       This   proves  that    the 
point  is  a  focus  of  the  conic  section* 

Hence,  every  plane  perpendicular  to  one  of  the  two  right 
lines  just  mentioned  cuts  the  cone  in  a  conic  section,  one  of 
whose  foci  is  upon  this  right  line. 

These  two  right  lines,  being  perpendicular  to  the  two  cyclic 
planes  of  the  first  cone,  are  in  the  plane  of  its  least  section 
(12),  and  are  consequently  in  the  plane  of  the  greatest  section 
of  the  supplementary  cone  (11).  We  have,  therefore,  this 
general  property  of  cones  : 

In  every  cone  of  the  second  degree  there  are  two  right  lines 

lying  in  the  plane  of  its  greatest  section^  which  possess  the 

property  that  every  plafie  perpendicular  to  one  of  them  cuts 

the  cone  in  a  conic  section,  one  of  whose  foci  is  upon  this 

right  line. 

In  the  first  memoir  above  referred  to,  we  proved  the  exist- 
ence of  these  two  right  lines  by  means  of  the  theory  of  polar 
transformations,  and  we  called  them,  focal  lines  in  consequence 
of  the  characteristic  property  which  we  have  just  stated;  but 
W'e  did  not  there  observe  that  two  conjugate  planes  passifig 
through  one  of  these  two  right  lines  are  always  at  right 
angles. 

15.  From  what  precedes  it  results,  that 

In  two  cones  of  the  second  degree,  supplementary  one  to  the 
other,  the  focal  lines  of  one  correspond  to  the  cyclic  planes  of 
the  other. 

This  theorem  is  very  important,  since  it  follows  from  it  that 
the  properties  of  the  focal  lines  are  consequences  from  those 
of  the  cyclic  planes,  and  vice  versa. 

*  In  what  follows,  we  shall  not  take  for  granted  any  of  the  properties 
of  the  foci  of  the  conic  sections  ;  these  properties  mig-ht  even  be  deduced 
from  those  which  we  are  about  to  demonstrate  with  reference  to  the  cones 
of  the  second  degree.  However,  it  is  necessary  to  define  the  foci  of  a 
conic  s?ction  by  some  one  of  their  properties.  That  which  we  have  em- 
ployed here  to  characterize  these  points  is  not,  it  is  true,  the  most  gene- 
rally known  ;  but  it  is  knowai,  and  we  are  indebted  for  it  to  De  Lahire  ; 
M.  Poncelet  has  proved  it,  and  has  applied  it  with  advantage  in  his 
"  Traite  des  Proprietes  Projectives"  (p.  260,  Nos.  431  and  453.)  We 
shall  take  another  opportunity  of  showing  that  this  property  adapts  itself 
to  the  study  of  the  conic  sections  with  more  readiness  than  many  others 
equally  characteristic.  Moreover,  it  must  be  remarked,  that  we  here  define 
the  foci  of  a  conic  section  by  the  property  in  question  merely  to  justify 
the  designation  of  focal  lines,  which  we  adopt  for  the  two  axes  of  a  cone 
of  the  second  degree  perpendicular  to  the  cyclic  planes  of  the  supplemen- 
tary cone.  But  all  the  properties  of  these  two  axes  which  we  are  about 
to  prove  are  quite  independent  of  the  foci  of  the  conic  sections  ;  and  any 
one  of  these  properties  might  as  well  be  fixed  upon  to  justify  the  designa^ 
tlon  of  focal  lines. 
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Thus,  it  will  be  sufficient  for  us  to  prove  the  one,  and  merely 
to  state  the  others,  without  actually  giving  a  particular  demon- 
stration of  these  latter. 

16.  First,  let  us  lay  down  some  properties  of  the  circular 
sections  of  a  cone,  which  we  shall  have  to  make  constant 
use  of. 

When  we  consider  two  circular  sections  of  a  cone  whose 
planes  are  not  parallel,  we  call  them  antiparallel  or  suhcon- 
trary  sections. 

Through  each  point  on  the  surface  of  a  cone  of  the  second 
degree,  two  subcontrary  sections  can  be  made  to  pass  ;  for  it 
is  sufficient  to  draw  through  this  point  two  planes  parallel  to 
the  two  cyclic  planes  of  the  cone. 

17.  Every  sphere  passing  through  a  circular  section  of  a 
cone  cuts  this  cone  in  a  second  subcontrary  circular  section. 

For,  any  side  of  the  cone  penetrates  the  sphere  in  two  points, 
the  rectangle  under  the  distances  of  which  from  the  vertex  of 
the  cone  is  constant:  one  of  these  points  is  on  the  plane  of  the 
circle  through  which  the  sphere  has  been  made  to  pass  ;  con- 
sequently, the  other  point  is  upon  a  sphere  passing  through 
the  vertex  of  the  cone,  and  having  its  centre  upon  the  perpen- 
dicular let  fall  from  the  vertex  upon  the  plane  of  this  circle ; 
(see  the  note  at  the  end  of  this  memoir;)  the  intersection  of 
the  first  sphere  and  the  cone  is  upon  this  second  sphere,  which 
proves  that  this  intersection  is  a  circle.  The  plane  of  this 
second  circle  cannot  be  parallel  to  the  plane  of  the  first ;  for 
in  that  case  the  cone  would  evidently  be  one  of  revolution. 
This  second  circle  is  therefore  a  subcontrary  section  with 
relation  to  the  first :  the  theorem  is  therefore  demonstrated. 

It  follows  from  hence,  that 

A  sphere  can  he  made  to  pass  through  any  two  subcontrary 
sections  of  a  cone  of  the  second  degree. 

18.  Let  us  suppose  that  the  plane  of  one  of  the  two  circles 
approaches  indefinitely  towards  the  vertex  of  the  cone ;  as  this 
plane  is  always  parallel  to  a  cyclic  plane,  when  this  circle  de- 
generates into  a  point  which  is  the  vertex  of  the  cone,  the 
sphere  will  touch  this  cyclic  plane ;  therefore, 

Every  sphere  passing  through  a  circular  section  and  through 
the  vertex  of  a  cone  of  the  second  degree,  touches  a  cyclic 
plane  ; 

And  conversely. 

Every  sphere  passing  through  the  vertex  of  a  cone  of  the 
second  degree,  and  touching  a  cyclic  plane,  cuts  the  cone  in  a 
circle,  whose  plane  is  parallel  to  the  second  cyclic  plane  of 
the  cone. 

c 
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SECTION  II. 

PROPERTIES  OF  THE  TWO  CYCLIC  PLANES  OF  A  CONE  CONSI- 
DERED simultaneously;  and  properties  OF  THE  TWO 
FOCAL  lines  of  A  CONE  CONSIDERED  SIMULTANEOUSLY. 

19.  The  properties  of  the  cyclic  planes  of  a  cone  are  of  two 
kinds  ;  some  have  reference  to  these  two  planes  considered 
simultaneously,  others  to  only  one  of  these  planes.  It  is  as 
easy  to  state  the  one  as  the  other ;  but  as  the  former  appear 
in  some  degree  to  be  more  characteristic,  we  shall  commence 
with  them. 

The  two  focal  lines  of  a  cone,  as  appears  from  theorem 
(15),  will  be  found  to  possess  properties  corresponding  to  those 
of  the  two  cyeiic  planes. 

20.  Let  there  be  a  cone  of  the  second  degree ;  let  it  be  cut 
by  two  planes  parallel  to  its  two  cyclic  planes  ;  the  sections 
will  be  two  circles  lying  on  the  same  sphere  (17).  Each  side 
of  the  cone  meets  these  circles,  and  the  tangent  plane  to  the 
cone  along  this  side  cuts  their  planes  in  two  right  lines  which 
are  the  tangents  to  these  circles,  passing  through  the  points 
where  the  side  meets  them  :  these  two  right  lines  are  there- 
fore tangents  to  the  sphere  which  passes  through  the  two  cir- 
cles. Now,  two  tangents  to  a  sphere  lying  in  the  same  plane 
make  equal  angles  with  the  chord  which  joins  the  two  points 
of  contact ;  here  this  chord  is  the  side  of  the  cone ;  the  two 
tangents  are  respectively  parallel  to  the  two  right  hues  in 
which  the  tangent  plane  intersects  the  two  cyclic  planes.  We 
have,  therefore,  the  following  property  of  the  cyclic  planes, 
and,  consequently,  the  property  of  the  focal  Hues  stated  in  the 
second  column  : 

Every  tangent  plane  to  a  cone  of         The  planes  passing  through  the 

the  second  degree  intersects  the  two  two  focal  lines  of  a  cone  of  the  se- 

cyclicplanes  in  two  right  lines,  which  cond  degree  and  through  any  side 

make  equal  angles  with  the  side  of  whatever,  make  equal  angles  with 

the  cone  along  which  it  is  touched  the  plane  touching  the  cone  along 

by  the  tangent  plane.  that  side(«). 


(a)  This  theorem  and  the  second  in  No.  24,  have  been  already  given  by 
M.  Magnus,  of  Berlin  (Annalesde  Mathematiques,  August,  1825.)  As  to 
all  the  other  properties  of  the  cones  of  the  second  degree  contained  in  this 
memoir,  we  believe  they  are  quite  new,  with  the  exception  of  some  which 
we  have  already  stated  in  our  Memoir  on  the  surfaces  of  revolution  of  the 
second  degi-ee,  inserted  in  the  5th  vol.  of  the  New  Memoirs  of  the  Royal 
Academv  cf  Brussels. 
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21.   Conversely, 

If  a  cone  be  such  that  its  tangent         If  a  cone  be  such  that  the  phmes 

plane,  passing  through  any  side,  in-  passing  through  two  fixed  axes  and 

tersects  two    fixed    planes    in   two  through   any  side   whatever,  make 

right    lines,    making    equal   angles  equal  angles  with  the  plane  touch- 

with  that  side,   this  cone  is  of  the  ing  the  cone  along  that  side,  this 

second  degree.  cone  is  of  the  second  degree. 

In  order  to  demonstrate  the  first  theorem,  let  us  draw  two 
planes  p,  p',  parallel  to  the  two  fixed  planes.  Let m,  m',  m'',  m% 
be  the  points  where  four  consecutive  sides  infinitely  near  to 
one  another  meet  the  first  plane  p,  and  let  m,  m',  m",  m'", 
be  the  points  where  these  same  sides  meet  the  second  plane  p'. 

Let  us  imagine  the  circle  which  passes  through  the  three 
pointsM,  m',  m',  tobe  the  base  of  a  second  cone,  having  the  same 
vertex  s,  as  the  proposed  cone  ;  the  section  of  this  cone  made 
by  the  second  plane  p'  will  pass  through  the  points  m,  m',  m'\ 
and  this  curve  will  be  a  circle ;  for  (by  hypothesis)  the  two 
right  lines  mm',  mm',  making  equal  angles  with  the  side  sm/?<, 
the  plane  of  the  circular  section  of  the  second  cone  passing 
through  the  point  m  will  pass  through  the  right  line  mm',  as 
appears  from  the  preceding  theorem  ;  the  two  tangents  m'm", 
vi'm"  also  making  equal  angles  with  the  side  sm'^w',  the  plane 
of  this  circular  section  will  likewise  pass  through  the  tangent 
m'm" ;  this  plane  will,  therefore,  be  exactly  the  plane  of  the 
three  points  m,  m',  m" ;  so  that  p,  p'  will  be  the  planes  of  two 
subcontrary  sections  of  the  second  cone:  the  tangents  to  these 
two  sections  passing  through  the  points  m'',  m",  will,  there- 
fore, make  equal  angles  with  the  side  sm"wi"  (20)  ;  but  the 
two  right  lines  m''m''',  m"m"'  make  (by  hypothesis)  equal 
angles  with  that  side ;  these  two  right  lines  are,  therefore, 
actually  the  tangents  to  the  two  circular  sections  of  the  second 
cone  :  for,  through  the  two  points  m",  m"  only  two  right  lines 
can  be  drawn  in  the  planes  p,  p',  which  make  equal  angles  with 
the  side  &si"m",  since  these  two  right  lines  intersect  at  the 
point  where  the  plane,  drawn  at  right  angles  to  this  side 
through  the  middle  point  of  the  segment  u"m",  meets  the  in- 
tersection of  the  two  planes  p,  p'. 

Hence,  it  is  proved  that  the  circle  passing  through  three 
points  infinitely  near,  m,  m',  m'',  assumed  in  the  section  of  the 
proposed  cone  made  by  a  plane  parallel  to  one  of  the  two  fixed 
planes,  passes  always  through  a  fourth  point  m'"  of  this  curve 
infinitely  near  the  former ;  for  the  same  reason,  this  circle, 
passing  through  the  three  consecutive  points  m',  m",  m''',  will 
pass  through  a  fifth  point,  and  again,  through  a  sixth ;  which 
proves  that  this  base  is  itself  a  circle ;  or,  in  other  words,  the 
osculating  circle  of  this  curve  has  at  every  point  in  it  a  con- 


12  ON  THE  GENERAL  PROPERTIES 

tact  with  it  of  the  third  order,  from  which  it  follows  that  this 
curve  can  only  be  a  circle.  Thus  we  have  proved  the  first 
theorem,  and  consequently  the  second. 

22.  The  two  theorems  (20)  are  particular  cases  of  the  fol- 
lowing : 

Every  plane  passing-  through  two  The  planes  passing  through  the 
sides  of  a  cone  of  the  second  degree  two  focal  lines  of  a  cone  of  the  se- 
intersects  the  cyclic  planes  in  two  cond  degree  and  through  the  right 
right  lines  which  respectively  make  line  of  intersection  of  two  tangent 
equal  angles  with  these  two  sides.         planes  to  the  cone  respectively  make 

equal  angles  with  these  two  tangent 

planes. 

It  is  sufficient  to  prove  the  first  of  these  two  theorems. 
For  this  purpose,  let  us  take  two  subcontrary  sections  of 
the  cone  ;  the  plane  of  the  two  sides  cuts  the  planes  of  these 
two  circles  along-  two  chords,  which  form,  with  the  portions  of 
the  two  sides  lying  between  these  chords,  a  plane  quadrilate- 
ral, inscribed  in  the  circle  in  which  the  plane  of  this  quadrila- 
teral intersects  the  sphere,  on  the  surface  of  which  are  the  two 
subcontrary  sections ;  two  opposite  angles  of  this  quadrilate- 
ral are,  therefore,  supplemental  one  to  the  other;  hence  the 
two  chords  respectively  make  equal  angles  with  the  two  sides 
of  the  cone.  These  chords  are  parallel  to  the  right  lines  in 
which  the  plane  of  the  two  sides  intersects  the  two  cyclic 
planes  ;  the  first  theorem  is,  therefore,  proved ;  the  second 
follows  from  it. 

In  the  memoir  above  referred  to  we  had  already  proved  these 
two  theorems  in  two  different  ways ;  first,  as  a  consequence 
from  the  properties  of  the  lines  of  curvature  of  a  hyperboloid 
of  one  sheet ;  and  again,  as  a  consequence  from  the  proper- 
ties of  surfaces  of  revolution  of  the  second  degree. 

23.  Two  planes  touching  a  cone  The  four  vector  planes,  passing 
of  the  second  degree  along  any  two  through  the  two  focal  lines  of  a 
sides,  intersect  the  two  cyclic  planes  cone  of  the  second  degree  and 
in  foiu-  right  lines,  which  are  the  through  any  two  sides  of  the  cone, 
generatrices  of  the  same  cone  of  re-  are  tangents  to  the  same  cone  of  re- 
volution, whose  axis  of  revolution  volution,  whose  axis  of  revolution  is 
is  perpendicular  to  the  plane  of  the  the  right  line  of  intersection  of  the 
two  sides  of  contact.  two  planes  touching  the  proposed 

cone  along  the  two  sides. 

Let  us  prove  the  first  theorem. 

The  first  tangent  plane  intersects  the  two  cychc  planes  in 
two  right  lines,  making  equal  angles  with  the  side  of  contact 
(20)  ;  therefore,  these  two  right  lines  make  equal  angles  with 
every  plane  passing  through  this  side  ;  consequently,  they 
make  equal  angles  with  the  plane  of  the  two  sides.     In  like 
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manner  the  second  tangent  plane  intersects  the  two  cyclic 
planes  in  two  right  lines,  which  make  equal  angles  with  this 
same  plane  of  the  two  sides. 

Now  let  us  imagine  a  plane  parallel  to  one  of  the  cyclic 
planes ;  it  will  cut  the  cone  in  a  circle,  and  the  two  tangent 
planes  to  the  cone  in  two  tangents  to  this  circle ;  these  two 
tangents  will  be  parallel  to  the  two  right  lines  in  which  the 
cyclic  plane  intersects  the  two  tangent  planes ;  but  these  two 
tangents  make  equal  angles  with  the  chord  which  joins  their 
points  of  contact,  and,  consequently,  they  make  equal  angles 
with  every  plane  passing  through  this  right  line ;  they,  there- 
fore, make  equal  angles  with  the  plane  of  the  two  sides  of 
contact  with  the  tangent  planes. 

Hence,  it  follows,  that  the  four  right  lines  of  intersection 
of  the  two  cyclic  planes  with  the  two  tangent  planes,  make 
equal  angles  with  the  plane  of  the  two  sides ;  consequently, 
they  make  equal  angles  with  the  right  line  perpendicular  to 
this  plane,  which  proves  that  they  are  generatrices  of  the  same 
right  cone,  whose  axis  of  revolution  is  perpendicular  to  the 
plane  of  the  two  sides  of  contact,    q.  e.  d. 

24.   The  sum   or    the   difference  The  sum  oi'  the  diffei-ence  of  the 

of  the  angles,  which  each  tangent  angles,  which  each  side  of  a  cone  of 

plane  to  a  cone  of  the  second  degree  the  second  degree  makes  with  its 

makes  with  the  two  cyclic  planes,  is  two  focal  lines,   is    constant.    (See 

constant.  note  to  20.) 

These  two  theorems  may  be  respectively  deduced  from  the 
two  preceding  ones  in  the  same  manner  :  we  mean  to  prove  the 
second,  since  the  figure  it  requires  is  easily  constructed. 

Let  there  be  a  sphere,  whose  centre  is  at  the  vertex  of  a 
cone,  it  will  meet  the  two  focal  lines,  (supposed  to  be  prolonged 
within  a  single  sheet  of  the  cone,)  in  two  points  f,  f'  ;  it  will 
meet  any  two  sides  of  the  cone  in  two  points,  m,  n;  and  the 
four  vector  planes  passing  through  these  sides,  in  four  arcs  of 
great  circles,  which  will  touch  a  small  circle  of  the  sphere 
formed  by  the  intersection  of  the  sphere  with  the  right  cone,  to 
which  the  four  vector  planes  are  tangents.  (23,  second  column.) 

As  the  arcs  Fm,  F'm,  Tn,  ¥'n,  measure  the  angles  which 
the  two  focal  lines  make  with  the  two  sides  of  the  cone,  our 
object  is  to  prove  that  the  sum  of  the  first  two  is  equal  to  the 
sum  of  the  two  latter. 

Let  a,  a',  b,  b',  be  the  points  where  these  four  arcs  respec- 
tively touch  the  small  circle. 

The  two  arcs  ma,  ma'  are  equal,  as  being  drawn  from  the 
same  point  ?w,  to  touch  the  small  circle  ;  hence  we  conclude 
that  Fm  +  v'm  —  Fa  +  Y'a'. 

In  like  manner,  the  arcs  w&,  7ib'  are  equal,]  and  it  follows 
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that  Fit  +  I'n  r=  f&  +  F'b' ;  now,  the  arcs  Fa  and  Fb  are  equal, 
the  arcs  F'a'  and  F'b^  are  also  equal ;  the  two  right  hand  mem- 
bers of  the  two  equations  are  therefore  equal,  and,  consequently, 
the  first  members  are  likewise  equal  to  one  another  ;  which 
was  to  be  proved. 

The  angles  made  by  the  two  generatrices  of  the  cone  with  a 
focal  line,  are  the  supjjlements  of  the  angles  made  by  these 
generatrices  with  the  production  of  this  focal  line  within  the 
second  sheet  of  the  cone  ;  so  that  the  difference  of  the  angles 
made  by  a  side  of  the  cone  with  one  focal  line  and  with  the 
production  of  the  other  focal  line,  is  also  a  constant  quantity ; 
it  was  for  this  reason  that  in  the  enunciation  of  the  theorem 
we  said,  the  sum  or  the  difference  of  the  angles  made  by  each 
side  with  the  two  focal  lines.     Thus  the  theorem  is  proved. 

25.  It  is  known,  that  if,  in  a  spherical  triangle,  one  angle 
be  invariable,  and  also  the  product  of  the  trigonometric  tan- 
gents of  the  halves  of  the  sides  containing  it ;  the  area  of  the 
triangle  will  remain  constant,  (Legendre's  Geometry  ;  Note 
on  the  Area  of  the  Spherical  Triangle.)  From  the  first  of  the 
two  preceding  theorems  we  may,  therefore,  deduce  the  first, 
and,  consequently,  the  second  of  the  two  following  ones : 

In  every  cone  of  the  second  de-  In  every  cone  of  the  second  de- 
gree, each  tangent  plane  intersects  gree,  the  vector  planes,  passing 
the  two  cyclic  planes  in  two  right  through  the  two  focal  lines  and 
lines  such  that  the  product  of  the  through  any  side  of  the  cone,  are 
tangents  of  the  semi-angles,  which  such  that  the  product  of  the  tan- 
they  make  with  the  intersection  of  gentsof  the  semi-angles,  which  they 
the  two  cyclic  planes,  is  constant.  make  with  the  plane  of  the  two  fo- 
cal lines,  is  constant. 

It  would  be  easy  to  prove  these  two  theorems  directly, 
without  making  use  of  the  proposition  in  spherical  trigono- 
metry to  which  we  referred  ;  but  as  this  proposition  is  to  be 
found  in  an  elementary  work  familiar  to  all  geometers,  we  may 
be  allowed,  in  order  to  save  time,  to  avail  ourselves  of  it ;  more- 
over, we  shall  hereafter  give  the  direct  proof  of  which  we 
speak,  and  which  will  exhibit  the  two  theorems  above  stated, 
as  depending  upon  the  most  elementary  principles  of  geometry. 

26.  Let  there  be  two  subcontrary  sections  of  a  cone  of  the 
second  degree;  each  side  of  the  cone  meets  these  two  circles 
in  two  points,  the  rectangle  under  the  distances  of  which 
from  the  vertex  of  the  cone,  is  invariable,  whatever  be  this 
side,  since  these  two  circles  are  upon  the  same  sphere  (17). 
If  from  the  vertex  of  the  cone,  perpendiculars  be  let  fall  on  the 
planes  of  the  two  circles,  they  will  be  respectively  equal  to 
these  two  distances,  respectively  multiplied  by  the  sines  of  the 
angles,  which  the  side  of  the  cone  makes  with  the  planes  of 


or    CONES    OF    THE    SECOND    DEGREE.  15 

the  two  circles  ;  therefore,  the  rectangle  under  the  two  per- 
pendiculars will  be  equal  to  the  rectangle  under  the  two  dis- 
tances, multiplied  by  the  product  of  the  two  sines.  ISow,  the 
perpendiculars  will  be  the  same,  whatever  side  of  the  cone  we 
consider ;  the  rectangle  under  the  two  distances  is  also  the 
same,  as  we  have  just  shown  ;  therefore,  the  product  of  the 
two  sines  is  constant ;  but  the  planes  of  the  two  circles  are 
parallel  to  the  two  cyclic  planes  of  the  cone  ;  we  have,  there- 
fore, the  first  of  the  two  following  theorems,  and,  conse- 
quently, the  second. 

In  every  cone  of  the  second  de-  In  every  cone  of  the  second  de- 
gree, the  product  of  the  sines  of  the  gree,  the  product  of  the  sines  of  the 
angles,  which  each  side  makes  with  angles,  which  each  tangent  plane 
the  two  cyclic  planes,  is  constant.         makes  with  the  two  focal  lines,  is 

constant. 

27.  If  from  a  point  o,  taken  arbitrarily,  perpendiculars  be 
let  fall  upon  the  tangent  planes  to  a  cone  of  the  second  de- 
gree, they  will  form  a  second  cone  of  the  second  degree,  which 
will  be  the  supplementary  one  to  the  first  (10).  The  feet  of 
these  perpendiculars  will  be  upon  the  sphere  whose  diameter 
is  the  right  line  joining  the  point  o  with  the  vertex  of  the 
given  cone,  since  the  right  line  drawn  from  this  vertex  to  the 
foot  of  each  perpendicular,  makes  a  right  angle  with  that  per- 
pendicular. Hence  the  feet  of  the  perpendiculars  will  be  upon 
the  curve  of  intersection  of  the  sphere  and  the  second  cone. 

Let  us  suppose  the  point  o  to  be  upon  a  focal  line  of  the 
given  cone.  This  right  line  is  perpendicular  to  a  cyclic 
plane  of  the  second  cone  (15) ;  the  sphere  whose  centre  is 
upon  this  right  line  will,  therefore,  touch  this  cyclic  plane, 
which  proves  that  it  will  intersect  the  second  cone  in  a  circle 
lying  in  a  plane  parallel  to  the  second  cyclic  plane  of  this 
cone  (18);  this  second  cyclic  plane  is  perpendicular  to  the 
second  focal  line  of  the  given  cone  (15)  ;  we  have,  therefore, 
the  followino-  theorem  : 

If  from  a  point  assumed  vpon  a  focal  line  of  a  cone  of  the 
second  degree,  perpendiculars  be  let  fall  upon  the  tangent 
planes  to  this  cone,  their  feet  ivill  he  upon  a  circle,  the  plane 
of  ivhich  will  he  perpendicular  to  the  second  focal  line  of  the 
cone. 

28.  The  right  lines  which  join  the  vertex  of  the  given 
cone  .with  the  feet  of  the  perpendiculars  are  the  orthogonal 
projections  of  the  first  focal  line  upon  the  tangent  planes ; 
these  right  lines  form  a  cone  having  for  its  base  the  circle 
which  is  the  locus  of  the  feet  of  the  perpendiculars.  This 
cone  is  evidently  symmetrical  on  each  side  of  the  plane  of  the 
greatest  section  of  the  given  cone  in  which  the  focal  line  lies  ; 
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and  it  touches  this  given  cone  along  the  two  sides  lying  in  this 
plane,  since  these  two  sides  are  the  projections  of  the  focal 
line  upon  the  tangent  planes  along  those  sides.  From  this 
position  of  the  cone  it  results,  that  the  orthogonal  projections 
of  the  second  focal  line  upon  the  tangent  planes  will  be  upon 
this  same  cone.  This  cone  will  therefore  pass,  as  appears  from 
the  theorem  which  we  have  just  proved,  through  a  second  circle 
lying  in  a  plane  perpendicular  to  the  second  focal  line  ;  whence 
we  deduce  <^he  first  of  the  two  following  theorems,  and  conse- 
quently the  second  : 

The  orthogonal  projections  of  the  If  a  right  angle,  having  the  same 
two  focal  lines  of  a  cone  of  the  se-  vertex  with  a  cone  of  the  second 
cond  degree  upon  the  tangent  planes  degi^ee,  tm-n  round  this  vertex,  so 
to  the  cone  form  a  second  cone  of  that  one  of  its  sides  moves  along 
the  second  degree,  which  has  adou-  either  of  the  two  cyclic  planes  of  the 
ble  contact  with  the  proposed  cone,  cone,  whilst  its  other  side  moves 
and  whose  cyclic  planes  are  perpen-  round  the  cone  ;  the  plane  of  this 
dicular  to  the  focal  lines  of  the  lat-  angle  will  envelope  a  cone  of  the 
ter.  second  degree,  M'hich  will  have  a 

double  contact  with  the  given  cone, 
and  whose  focal  lines  will  be  per- 
pendicular to  the  two  cyclic  planes 
of  the  latter. 

29.  Theorem  (27)  gives  rise  to  the  following,  which  is  the 
converse  of  it : 

If  through  the  different  points  of  a  circle  traced  upon  a 
cone  of  the  second  degree  planes  he  drawn  perpendicular  to 
the  sides  passing  through  these  points,  these  planes  ivill  enve- 
lope a  second  cone  of  the  second  degree,  one  of  whose  focal 
lines  will  pass  through  the  vertex  of  the  given  cone,  andichose 
other  focal  line  ivill  be  perpendicular  to  the  plane  of  the  circle. 

30.  If  from  a  point  in  the  focal  line  of  a  cone,  perpendicu- 
lars be  let  fall  upon  two  tangent  planes,  the  right  line  joining 
their  feet  will  be  at  rig-ht  anples  with  the  ri^ht  line  of  inter- 
section  of  the  two  tangent  planes;  now,  by  theorem  (27), 
the  former  right  line  will  also  be  at  right  angles  with  the 
second  focal  line  of  the  cone  ;  it  is,  therefore,  perpendicular  to 
the  plane  passing  through  the  riglit  line  of  intersection  of  the 
two  tangent  planes  and  through  the  second  focal  line  ;  there- 
fore. 

If  from  a  point  in  a  focal  line  of  a  cone  of  the  second  de- 
gree, perpendiculars  be  let  fall  upon  two  tangent  planes,  the 
plane  passing  through  the  vertex  of  the  cone  and  perpen- 
dicular to  the  riglit  line  joining  their  feet  will  pass  through 
the  second  focal  line  of  the  cone. 

31.  This  may  be  otherwise  stated  in  the  first  of  the  two  fol- 
lowing theorems,  from  which  the  second  is  a  consequence  : 
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If  a  focal  line  of  a  cone  of  the         If  two  right  angles  have  each  a 

second  degree  be  orthogonally  pro-  side  upon  a  cyclic  plane  of  a  cone 

jected  upon  two  tangent  planes,  the  of   the    second   degree,    and   their 

plane  passing  through  the  right  line  two  other  sides  coincident  with  two 

of  intersection  of  the  two  tangent  sides  of  the  cone,  the  right  line  of 

planes,    and    perpendicular    to   the  intersection  of  their  planes  and  the 

plane  containing  the  two  projections,  right  line  in  which  the  plane  of  the 

will  pass  through  the  second  focal  two  sides  intersects  the  second  cy- 

line.  clic  plane  will  be  at  right  angles. 

32.  Let  there  be  two  cones  of  the  second  degree,  having 
the  same  vertex  and  the  same  cyclic  planes ;  if  a  common  tan- 
gent plane  be  drawn  to  them,  it  will  touch  the  two  cones  along 
two  sides,  each  of  which  will  make  equal  angles  with  the  two 
right  lines  in  which  this  tangent  plane  intersects  the  two 
cyclic  planes  (20.)  These  two  sides  will  therefore  bisect  both 
the  angle  and  the  supplement  of  the  angle  contained  by  these 
two  right  lines,  which  proves  that  these  two  sides  are  at  right 
angles.     We  have,  therefore,  the  two  following  theorems  : 

When  two  cones  of  the  second  If  two  cones  of  the  second  degree, 

degree  have  the  same  vertex  and  which  have  the  same  vertex  and  the 

the  same  cyclic  planes,  if  a  common  same  focal  lines,  intersect  one  ano- 

tangent  plane   be  drawn  to  them,  ther,   their  tangent   planes  passing 

the  two  sides  of  contact  lying  in  this  through  each   side    of  intersection 

plane  will  be  at  right  angles  to  each  will  be  at  right  angles,  that  is  to 

other.  say,  the  two  cones  will  cut  one  ano- 
ther at  right  angles. 

M.  Dupin  and  M.  Binet,  Jun.  have  stated  the  general 
conditions  to  be  fulfilled  in  order  that  two  surfaces  of  the 
second  degree  may  cut  every  where  at  right  angles ;  but  they 
did  not  include  in  their  researches  the  case  of  two  conical  sur- 
faces, which  is  disposed  of  in  the  second  of  the  two  theorems 
just  proved.  (See  Developpemens  de  Geometrie  de  Ch. 
Dupin,  and,  16^  cahier  des  Journaux  de  I'ecole  Polytech- 
nique.) 

These  two  theorems  may  be  employed  with  great  advan- 
tage in  diiferent  investigations,  as  we  shall  hereafter  hai^e 
occasion  to  show. 


SECTION  III. 

PROPERTIES  OF  A  CONE  OF  THE  SECOND  DEGREE  RELATING 
TO  A  SINGLE  CYCLIC  PLANE;  AND  PROPERTIES  RELATING 
TO    A    SINGLE    FOCAL    LINE. 

33.  The  properties  of  a  cone  of  the  second  degree  relating 
to  a  single  cyclic  plane,  which  we  are  about  to  prove,  are 
deduced  immediately  from  the  properties  of  the  circle ;  and 
those  relative  to  a  single  focal  line  may  be  shewn  to  depend 
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upon  the  former  by  reference  to  the  supplementary  cone. 
Hence,  we  shall  content  ourselves  with  merely  writing  them 
alongside  of  the  former. 

The  right  line  polar  to  a  plane,  with  relation  to  a  cone, 
passes,  as  we  have  stated  (2,)  through  the  centre  of  the  sec- 
tion made  in  the  cone  by  this  plane  or  by  any  other  parallel  to 
it.  Hence,  the  polar  of  a  cyclic  plane  is  the  right  line  which 
is  the  locus  of  the  centres  of  the  circular  sections  of  the  cone 
lying  in  planes  parallel  to  this  cyclic  plane. 

We  have  seen  that,  to  a  cyclic  plane  and  to  its  polar,  corres- 
pond, in  the  supplementary  cone,  a  focal  line  and  its  polar 
plane  (14.)  We  shall  call  this  polar  plane  the  director  plane 
of  the  cone,  a  name  analogous  to  that  of  directrix  in  the  conic 
sections.  A  cone  has  two  director  planes,  but  we  must  always 
be  understood  to  refer  to  that  which  corresponds  to  the  focal 
line  which  we  are  considering. 

34.  Let  us  begin  with  two  theorems,  the  second  of  which 
is  remarkable  for  its  analogy  to  the  leading  property  of  the 
directrices  of  the  conic  sections. 

In  every  cone  of  the  second  de-  In  every  cone  of  the  second  de- 
gree the  ratio  of  the  sines  of  the  gree  the  ratio  of  the  sines  of  the 
angles  made  by  each  tangent  plane  angles  which  each  side  makes  with 
with  a  cyclic  plane  and  with  the  a  focal  line  and  with  the  director 
polar  of  this  cyclic  plane  is  constant,  plane  is  constant. 

To  prove  the  first  of  these  two  theorems,  let  us  take  a  cone 
of  the  second  degree  and  a  secant  plane  parallel  to  one  of  its 
cyclic  planes  ;  the  section  of  the  cone  will  be  circle,  and  the 
axis  of  the  cone  passing  through  the  centre  of  this  circle  M'ill 
be  the  polar  of  the  cyclic  plane.  Let  there  be  a  tangent  plane 
to  the  cone,  and  from  the  centre  of  the  circle  let  us  drop  a  per- 
pendicular on  this  plane;  the  sine  of  the  angle  made  by  this  tan- 
gent plane  with  the  plane  of  the  circle  is  equal  to  this  perpendi- 
cular divided  by  the  radius  of  the  circle  ;  the  sine  of  the  angle 
made  by  the  tangent  plane  with  the  axis  of  the  cone  terminatingin 
the  centre  of  the  circle  is  equal  to  this  same  perpendicular  divided 
by  the  length  of  this  axis.  From  the  form  of  these  expres- 
sions for  the  sines  of  the  two  angles,  it  appears  that  their  ratio 
is  independent  of  the  perpendicular,  and  contains  only  the 
radius  of  the  circle  and  the  distance  of  its  centre  from  the  ver- 
tex of  the  cone.  Hence,  this  ratio  is  constant,  whatever  be 
the  tangent  plane  to  the  cone :  which  proves  the  first  of  the 
two  theorems  above  stated ;  the  second  is  deduced  from  it  by 
reference  to  the  supplementary  cone. 

35.  In  what  follows  we  shall  still  consider,  as  we  have  just 
done,  a  circular  section   of  the  cone,  and  we  shall  regard  the 
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points  and  right  lines  lying  in  the  plane  of  this  section  as  the 
intersections  of  this  plane,  with  right  lines  and  planes  passing 
through  the  vertex  of  the  cone ;  and,  in  order  to  apply  to  the 
cone  the  various  properties  of  the  circle,  in  place  of  the  right 
lines  lying  in  the  plane  of  this  circle,  we  shall  substitute,  in 
the  statement  of  our  theorems,  the  traces  upon  the  cyclic  plane 
of  the  planes  passing  through  these  right  lines  and  through 
the  vertex  of  the  cone. 

36.  Thus,  in  order  to  transfer  to  the  cone,  this  property  of 
the  circle,  "  a  radius  is  perpendicular  to  the  tangent  passing 
through  its  extremity,"  we  shall  consider  the  tangent  and 
the  radius  as  being  the  traces  of  a  tangent  plane  to  the  cone 
and  of  a  plane  passing  through  the  side  of  contact  and  through 
the  polar  of  the  cyclic  plane  (since  this  polar  passes  through 
the  centre  of  the  circle  ;)  and  we  shall  remark  that  these  two 
traces  are  respectively  parallel  to  the  traces  of  the  same  two 
planes  upon  the  cyclic  plane  parallel  to  the  plane  of  the  cir- 
cle ;  whence  we  have  the  first  of  the  two  following  theorems, 
and,  consequently,  the  second. 

The  tangent  plane  to  a  cone  of  If  through  a  focal  line  of  a  cone 
the  second  degree,  and  the  plane  of  the  second  degree  two  vector 
passing  through  the  side  of  contact  planes  be  drawn,  of  which  the  first 
and  through  the  polar  of  a  cyclic  passes  through  any  side  of  the  cone, 
plane,  meet  this  cyclic  plane  in  two  and  the  second  through  the  right 
right  lines  which  are  at  right  angles  line  in  which  the  plane  touching  the 
with  each  other.  cone  along  that  side  meets  the  di- 

rector plane,  these  two  vector  planes 
will  be  at  right  angles, 

37.  Two  tangents  to  a  circle  make  equal  angles  with  the 
chord  which  joins  the  two  points  of  contact.  Hence  we  infer, 
in  accordance  with  what  has  been  said  (35,)  that 

Two  tangent  planes  to  a  cone  of  If  through  a  focal  line  of  a  cone 
the  second  "degree  and  the  plane  of  of  the  second  degree  vector  planes  be 
the  two  sides  of  contact  intersect  a  drawn  respectively  passing  through 
cyclic  plane  in  three  right  lines,  the  two  sides  of  the  cone  and  through 
third  of  which  bisects  the  angle  be-  the  right  line  of  intersection  of  the 
tween  the  first  two.  two  planes  touching  the  cone  along 

these  sides,  the  third  vector  plane 
will  bisect  the  angle  between  the 
first  two. 

38.  Two  tangents  to  a  circle  make  equal  angles  with  the 
right  line  which  joins  their  point  of  concourse  with  the  cen- 
tre of  the  circle.     Hence  we  infer,  that 

Two  tangent  planes  to  a  cone  of  The  vector  planes  passing  through 

the  second  degree,   and  the  plane  a  focal  line  of  a  cone  of  the  second 

passing  through  their  right  line  of  degree  and  through  two  sides  make 

intersection  and  through  the  polar  equal   angles  with  the  vector  plane 
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of  a  cyclic  plane,  meet  that  cyclic  passing  through   the  right   line  in 

plane  in  three  right  lines,  the  third  which  the  plane  of  the  two  sides  in- 

of  which  bisects  the  angle  between  tersects  the  director  plane, 
the  first  two. 

39.  The  right  Ihie  drawn  from  the  centre  of  a  circle  to  the 
point  of  concourse  of  two  tangents  is  perpendicular  to  the 
chord  which  joins  the  two  points  of  contact,  and  passes  through 
the  middle  of  this  chord.  Let  it  be  observed,  that  the  middle 
point  of  a  right  line  is  the  harmonic  conjugate  to  a  point  in 
this  line  lying  at  an  infinite  distance,  and  that  the  four  right 
lines  drawn  from  any  point  whatsoever  to  four  harmonic  points 
form  a  harmonic  pencil ;  and  we  shall  have  the  first  of  the  two 
following  theorems,  and,  consequently,  the  second. 


The  plane  passing  through  the 
polar  of  a  cyclic  plane  of  a  cone  of 
the  second  degree  and  through  the 
right  line  of  intersection  of  two  tan- 
gent planes  to  the  cone,  and  the 
plane  of  the  two  sides  of  contact,  meet 
the  cyclic  plane  in  two  right  lines 
wliich  ai-e  at  right  angles  with  each 
other ; 

And  the  right  lines,  in  which  the 
the  plane  of  the  two  sides  meets  the 
cyclic  plane  and  the  plane  passing 
through  its  polar  and  through  the 
right  line  of  intersection  of  the  two 
tangent  planes,  are  harmonic  conju- 
gates with  relation  to  the  two  sides. 


40.  If  the  plane  of  the  two  sides 
passes  through  the  polar  of  the  cyclic 
plane,  the  right  line  of  intersection  of 
the  tivo  tangent  planes  will  he  in  this 
cyclic  plane ;  therefore. 

If  through  a  right  line  lying  in 
the  cyclic  plane  of  a  cone  of  the  se- 
cond degi'ee  two  tangent  planes  be 
drawn  to  the  cone,  the  plane  of  the 
two  sid(!s  of  contact  will  intersect 
the  cyclic  plane  in  a  second  right 
line  which  will  be  at  right  angles  to 
the  former. 


Two  vector  planes  passing  through 
a  focal  line  of  a  cone  of  the  second 
degree  will  be  at  right  angles,  if  one 
passes  through  the  right  line  of  in- 
tersection of  two  tangent  planes  to 
the  cone,  and  the  other  through  the 
right  line  in  which  the  plane  of  the 
two  sides  of  contact  meets  the  dii'ec- 
tor  plane ; 

And  the  two  planes  drawn 
through  the  right  line  of  inter- 
section of  the  two  tangent  planes, 
and  passing,  the  first  through  the 
focal  line,  and  the  other  through  the 
right  line  in  which  the  plane  of  the 
two  sides  meets  the  director  plane, 
are  harmonic  conjugates  with  rela- 
tion to  the  two  tangent  planes. 

If  the  right  line  of  intersection  of 
the  two  tangent  planes  he  in  the  di- 
rector plane,  the  plane  of  the  tivo 
sides  of  contact  will  pass  throngh  the 
focal  line ;  therefore. 

If  a  cone  of  the  second  degree  be 
cut  by  a  transversal  plane  passing 
through  a  focal  line,  the  planes 
touching  the  cone  along  the  two 
sides  lying  in  this  plane  will  inter- 
sect on  the  director  plane  ;  and  the 
plane  passing  through  the  focal  line 
and  tln-ough  the  riglit  line  of  inter- 
section of  the  two  tangent  planes 
•  will  be  perpendicular  to  the  trans- 
versal plane. 


41.  When  a  quadrilateral  is  inscribed  in  a  circle  two  oppo- 
site angles  are  always  supplemental  one  to  the  other.  Hence 
we  infer,  that 
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When  a  tetrahedral  angle  is  in- 
scribed in  a  cone  of  the  second 
degree,  the  angle  between  the  traces 
of  two  of  its  adjacent  faces  upon  a 
cyclic  plane  of  the  cone  is  supple- 
mental to  the  angle  contained  by  the 
traces  upon  the  ^ame  cyclic  plane  of 
the  two  other  faces. 


When  a  tetrahedral  angle  is  cir- 
cumscribed about  a  cone  of  the 
second  degree,  the  vector  planes, 
passing  through  a  focal  line  and 
through  two  adjacent  edges  of  the 
tetrahedral  angle,  contain  an  an- 
gle which  is  supplemental  to  the 
angle  contained  by  the  vector  planes 
passing  through  the  two  other  edges. 


42.  All  the  angles  whose  vertices  are  upon  the  circumfe- 
rence of  a  circle,  and  whose  sides  pass  through  the  extremities 
of  the  same  chord,  are  equal  (we  mean  the  acute  angle  con- 
tained between  the  two  sides,  otherwise  two  angles  would  be 
supplemental  one  to  the  other,  when  their  vertices  were  on 
opposite  sides  of  the  chord  ;)  if  this  chord  pass  through  the 
centre  of  the  circle  all  the  angles  are  right.  Hence  we  infer, 
that 


If  through  two  fixed  sides  of  a 
cone  of  the  second  degree,  two 
planes  be  di-awn,  intersecting  along 
any  third  side  of  the  cone,  the  traces 
of  these  planes  upon  a  cyclic  plane 
will  contain  between  them  an  angle 
of  invariable  magnitude. 


This  angle  will  be  right  if  the 
plane  of  the  two  fixed  sides  passes 
through  the  polar  of  the  cyclic 
plane. 

43.  The  polar  of  a  cyclic  plane  is 
1)1  the  plane  of  the  least  section  of 
the  co7ie.  Hence  we  ijifer  from  the 
secondpart  of  the  preceding  theorem, 
that 


If  through  the  two  sides  of  a  cone 
of  the  second  degree  lying  in  the 
plane  of  its  least  section  two  planes 
be  drawn  intersecting  along  any  side 
whatever  of  the  cone,  their  traces 
upon  one  of  the  cyclic  planes  will  be 
at  right  angles. 


Two  fixed  tangent  planes  being 
drawn  to  a  cone  of  the  second  de- 
gi^ee,  and  also  any  third  tangent 
plane  whatever,  the  vector  planes 
passing  through  a  focal  line  and 
through  the  two  right  lines  in  which 
the  two  fixed  planes  are  intersected 
by  the  third  tangent  plane  will  con- 
tain between  them  an  angle  of  inva- 
riable magnitude,  whatever  be  this 
third  tangent  plane. 

This  angle  will  be  right  if  the 
right  line  of  intersection  of  the  two 
fixed  tangent  planes  be  in  the  direc- 
tor plane  corresponding  to  the  focal 
line. 

The  director  plane  passes  through 
the  minor  axis  of  the  cone ;  the  two 
planes  touching  the  cone  along  the 
sides  lying  in  the  plane  of  the  great- 
est section  also  pass  through  the  mi- 
nor axis ;  they  therefore  intersect 
upon  the  director  plarie.  Hence  we 
infer  from  the  second  part  of  the 
preceding  theorem,  that 

Every  tangent  plane  to  a  cone  of 
the  second  degree  intersects  the 
two  tangent  planes  that  are  perpen- 
dicular to  the  plane  of  the  greatest 
section  in  two  right  lines  such  that 
the  vector  planes,  passing  through 
a  focal  line  and  through  these  two 
right  lines,  are  at  right  angles  to 
each  other. 
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44.  From  the  two  theorems  (42,)  the  following  imme- 
diately result : 

If  in  a  cyclic  plane  of  a  cone  of  If  roimd  a  focal  line  of  a  cone  of 

the  second  degree,  an  angle  of  in-  the  second  degree,   as  an  edge,  a 

variable  magnitude,  and  having  the  dihedral  angle  of  invariable  magni- 

same  vertex  with  the  cone,  be  made  tude    be    made    to    turn  ;     and   if 

to  turn  ;  the  plane  passing  through  through  the  right  line  in  which  one 

one  side  of  the  angle,  and  through  of  its  faces  meets    a  fixed  tangent 

a  fixed  side  of  the  cone,  will  pass  plane  to  the  cone  a  second  tangent 

through   a   second    side ;    and   the  plane  to   the  cone  be  drawn,  this 

plane    determined    by   this    second  second  plane  will  meet  the  second 

side  of  the  cone  and  by  the  second  face  of  the  dihedral  angle  in  a  right 

side  of  the  moveable  angle  will  turn  line    which   will   always  be  in  the 

round  a  fixed  side  of  the  cone.  same  tangent  plane  to  the  cone. 

45.  If,  from  the  vertex  of  a  cone,  a  perpendicular  be  let 
fall  upon  the  plane  of  a  circular  section  of  the  cone,  and  two 
parallel  tangents  be  drawn  to  this  circle,  the  sum  of  the  distances 
of  the  foot  of  the  perpendicular  from  the  two  tangents,  will  be 
constant  and  equal  to  the  diameter  of  the  circle ;  but,  these 
distances  may  be  taken  as  the  trigonometric  tangents  of  the 
angles,  which  the  two  tangent  planes  to  the  cone,  passing 
through  the  two  tangents  to  the  circle,  make  with  the  per- 
dicular  let  fall  from  the  vertex  of  the  cone,  and  these  trigo- 
nometric tangents  are  equal  to  the  reciprocals  of  the  trigo- 
nometric tangents  of  the  angles  which  the  two  tangent 
planes  make  with  the  plane  of  the  circle,  or  with  the  cyclic 
plane  to  which  the  plane  of  the  circle  is  parallel ;  hence  we 
infer,  that 

If,  through  a  right  line  lying  in  Every  plane  passing  through  a 
a  cyclic  plane  of  a  cone  of  the  focal  line  of  a  cone  of  the  second 
second  degree,  two  tangent  planes  degree  cuts  the  cone  along  two 
be  drawn  to  the  cone,  the  sum  of  sides  such  that  the  sum  of  the  re- 
the  reciprocals  of  the  ti'igonometric  ciprocals  of  the  trigonometric  tan- 
tangents  of  the  angles  which  they  gents  of  the  angles  which  they  make 
make  with  the  cyclic  plane  will  be  with  this  focal  line  is  constant, 
constant. 


SECTION  IV. 

GEOMETRIC   LOCI   RELATING  TO    THE    CYCLIC  PLANES,  AND  TO 
THE  FOCAL  LINES  OF  CONES  OF  THE  SECOND  DEGREE. 

46.  If  the  sides  of  an  angle  of  invariable  magnitude,  con- 
tained in  a  given  plane,  turn  round  two  fixed  points,  its 
vertex  generates  an  arc  of  a  circle ;  hence  we  infer,  that 

If  round  two  fixed  right  lines  Being  given  two  fixed  planes  and 
which  intersect,  two  planes  be  made     a  right  line  passing  through  a  point 
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to  turn,  so  that  their  traces  upon 
a  fixed  plane  passing  through  the 
point  of  intersection  of  the  two  right 
lines  may  contain  an  angle  of  invaria- 
ble magnitude,  the  intersection  of  the 
two  moveable  planes  will  generate  a 
cone  of  the  second  degree,  which  will 
have  the  fixed  plane  for  one  of  its 
cyclic  planes,  and  which  will  pass 
through  the  two  fixed  right  lines. 


in  their  intersection,  if  round  this 
right  line  two  planes  be  made  to 
turn,  containing  between  them  an 
angle  of  invariable  magnitude,  the 
two  right  lines  in  which  these  planes 
will  respectively  intersect  the  two 
fixed  planes  will  determine  a  move- 
able plane,  which  will  envelope  a 
cone  of  the  second  degree,  in  which 
the  fixed  right  line  will  be  a  focal 
line,  and  which  will  touch  the  two 
fixed  planes. 

It  is  scarcely  necessary  to  mention,  that,  as  upon  a  given 
right  line,  two  arcs  of  circles  can  be  described  capable  of 
containing  the  same  angle;  so,  in  each  of  these  two  propo- 
sitions, there  are  two  cones  perfectly  equal. 

We  might  have  deduced  these  two  propositions  directly 
from  the  two  theorems  (42.) 

47.  The  vertex  of  an  angle  of  invariable  magnitude,  whose 
sides  touch  a  circle,  generates  a  second  circle ;  and  the  chord 
which  joins  the  point  of  contact  of  the  two  sides,  envelopes  a 
third  circle ;  these  three  circles  are  concentric ;  whence  we 
infer,  that 


If  two  tangent  planes  to  a  cone  of 
the  second  degree  move  in  such  a 
way  that  their  traces  upon  a  cyclic 
plane  contain  between  them  an  angle 
of  invariable  magnitude,  the  inter- 
section of  these  two  planes  will 
generate  a  second  cone  of  the 
second  degree. 

The  plane  of  the  two  sides  of 
contact  of  the  two  tangent  planes  will 
envelope  a  third  cone  of  the  second 
degree. 

The  cyclic  plane  in  questionwill  be 
a  cyclic  plane  of  the  two  new  cones, 
and  this  plane  will  have  the  same 
polar  in  the  three  cones. 


If  a  dihedral  angle  of  invariable 
magnitude  turn  round  a  focal  line 
of  a  cone  of  the  second  degree,  as 
an  edge,  the  plane  of  the  two  sides 
along  which  its  faces  will  meet  the 
cone  will  envelope  a  second  cone  of 
the  second  degree. 

The  planes  touching  the  given 
cone  along  these  two  sides  will  in- 
tersect upon  a  third  cone  of  the 
second    degree. 

The  focal  line,  round  which  the 
dihedral  angle  turns,  will  he  a  focal 
line  of  the  two  new  cones  ;  and  the 
corresponding  director  plane  will  be 
the  same  in  the  three  cones. 


48.  If  an  angle  of  invariable  magnitude  turn  round  its 
vertex,  which  lies  upon  the  circumference  of  a  circle,  the 
chord  intercepted  between  its  sides  will  always  be  a  tangent 
to  another  circle  concentric  with  the  former  ;  therefore. 


If  rovxnd  a  side  of  a  cone  of  the 
second  degree  two  planes  be  made 
to  turn,  whose  traces  upon  a  cyclic 
plane  contain  between  them  an 
angle   of  invariable  magnitude,  the 


If  round  a  focal  line  of  a  cone  of 
the  second  degree  a  dihedral  angle 
of  invariable  magnitude  be  made  to 
turn,  and  if  through  the  right  lines 
in  which  the  faces  of  this  angle  meet 
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plane  of  the  two  sides  along  which 
these  two  planes  moft  the  cone  will 
envelope  a  second  cone  of  the  second 
degree,  which  will  have  the  same 
cyclic  plane  with  the  given  one ; 
and  this  plane  will  have  the  same 
polar  in  the  two  cones. 


a  fixed  plane  touching  the  cone  two 
other  tangent  planes  to  the  cone 
be  drawn,  their  right  line  of  inter- 
section will  generate  a  second  cone 
of  the  second  degree,  in  which  the 
edge  of  the  dihedral  angle  will  be  a 
focal  line,  and  the  corresponding 
director  plane  will  be  the  same  in 
the  two  cones. 


49.  Let  us  take  a  cone  of  the  second  degree,  and  cut  it  by 
any  plane  whatsoever,  the  curve  of  intersection  will  be  a 
conic  section ;  and  it  is  known,  that  the  vertices  of  all  the 
right  angles,  circumscribed  about  this  curve,  are  upon  a  circle 
which  has  the  same  centre  with  it ;  whence  we  infer,  that 


If  two  tangent  planes  be  drawn 
to  a  cone  of  the  second  degree,  so 
that  their  traces  upon  a  fixed  plane 
may  contain  between  them  a  right 
angle,  the  intersection  of  these  two 
planes  will  generate  a  second  cone 
of  the  second  degree,  one  of  whose 
cyclic  planes  will  be  parallel  to  the 
fixed  plane. 

This  plane  will  have  the  same 
polar  in  the  two  cones. 


If  two  rectangular  planes  turn 
round  a  fixed  right  line  passing 
through  the  vertex  of  a  cone  of  the 
second  degree,  the  sides  along  which 
these  two  planes  cut  the  cone,  taken 
two  by  two,  will  determine  four 
planes  which  will  envelope  a  second 
cone  of  the  second  degree,  in  which 
the  fixed  right  line  will  be  a  focal 
line. 

This  right  line  will  have  the  same 
polar  plane  with  relation  to  the 
two  cones. 


50.  If  the  fixed  plane,  in  the  former  of  these  two  theo- 
rems, be  one  of  the  three  rectangular  conjugate  planes  of 
the  given  cone,  the  second  cone  will  evidently  be  one  of 
revolution  round  the  axis  perpendicular  to  this  plane  ;  there- 
fore. 


If  two  tangent  planes  be  made  to 
revolve  round  a  cone  of  the  second 
degree,  so  that  their  traces  upon 
one  of  the  three  rectangular  conju- 
gate planes  of  the  cone  shall  always 
be  at  right  angles,  the  intersection 
of  these  two  planes  will  generate  a 
cone  of  revolution  round  the  axis 
perpendicular  to  that  plane. 


If  round  one  of  the  three  rectan- 
gular conjugate  axes  of  a  cone  of 
the  second  degree  two  rectangular 
planes  be  made  to  turn,  the  sides 
along  which  these  two  planes  will 
intersect  the  cone,  taken  two  by  two, 
will  determine  four  planes  which 
will  envelope  a  cone  of  revolution 
round  that  axis. 


51.  It  is  known,  that  if  the  vertex  of  an  angle  of  invariable 
magnitude  traverse  a  right  line,  whilst  one  of  its  sides  turns 
round  a  fixed  point,  its  other  side  envelopes  a  parabola  touch- 
ing the  right  line  traversed  by  the  vertex  of  the  angle.  This 
proposition  will  help  us  in  the  proof  of  the  following  theo- 
rems : 
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If  the  faces  of  a  variable  dihedral  Two  fixed  planes  being  drawn  so 

angle  inscribed  in  a  cone  of  the  se-  as  to  touch  a  cone   of  the  second 

cond  degree  turn  round  two  fixed  degree,  a  third  moveable  tangen* 

sides  of  the  cone,  the  plane  determin-  plane   will  intersect  them  in  two 

ed  by  the  two  right  lines  in  which  right  lines,  and  the  planes  respec- 

these  faces   intersect  the  two    cy-  tively   passing   through   these   two 

clic  planes  of  the  cone  will  enve-  right  lines,  and   through   the   two 

lope  a  second  cone  of  the  second  focal  lines  of  the  cone,  will  intersect 

degree  touching  these  two  cyclic  in  a  right  line,  which  will  generate 

planes.  a  cone  of  the  second  degree  passing 

through  these  two  focal  lines. 

It  is  sufficient  to  prove  the  first  of  these  two  theorems, 
since  the  second  may  be  deduced  from  it  by  reference  to  the 
supplementary  cone. 

Let  us  draw  a  transversal  plane  parallel  to  a  cyclic  plane  of 
the  given  cone ;  this  plane  will  intersect  the  cone  in  a  circle, 
the  second  cyclic  plane  in  a  right  line  d,  and  the  faces  of  the 
dihedral  angle  in  two  right  lines,  l,  l',  which  will  pass  through 
two  fixed  points  in  the  circle,  and  will  intersect  in  any  third 
point  of  this  circle ;  the  plane,  of  which  we  seek  the  enveloping 
surface,   will  be  cut  by  the  transversal  plane  in  a  right  line 
which  will  pass  through  the  two  points  in  which  the  two  right 
lines,   L,  l',  respectively  meet  the   traces  of  the  two  cyclic 
planes  upon  the  transversal  plane  ;  one  of  these  traces  is  the 
right  line  d,  the  other  is  at  an  infinite  distance.     If,  there- 
fore, through  the  point  in  which  the  right  line  l  meets  the 
right  line  d,  we  draw  a  right  line  parallel  to  the  right  line  l', 
tliis  parallel  will  be  the  trace  of  the  plane  whose  enveloping 
surface  we  are  seeking.     Now,  this  trace  envelopes  a  para- 
bola ;  for  it  makes  with  the  right  line  l  an  angle  which  is  of 
invariable  magnitude,  as  being  equal  to  the  angle  between  the 
two  right  lines,  l,  l'  ;  the  vertex  of  this  angle  moves  along 
the  fixed  right  line  d  ;    its  side  l  turns  round  a  fixed  point  in 
the   circle  ;    therefore,  its  second  side  envelopes  a  parabola 
touching  the  right  line  d  ;    which  proves  that  the  moveable 
plane  envelopes  a  cone  of  the  second  degree   touching  the 
cyclic  plane,  which  intersects  the  transversal  plane  in  the  right 
line  d.      In  like  manner  it  may  be  proved  that  this  cone  will 
touch   the   second   cyclic   plane ;    the    theorem   is    therefore 
proved. 

52.     If,    round   two   fixed  right  If,  round  a  point  assumed  in  the  in- 

lines  which  meet  another,  two  rec-  tersection  of  two  fixed  planes,  aright 

tangular   planes  be   made  to  turn,  angle  be  made  to  turn,  whose  sides 

their   intersection  will  generate   a  move  in  the  two  fixed  planes,  the 

cone  of  the  second  degree,  which  plane   of  this  angle  will  envelope  a 

will     pass   through  the    two    fixed  cone   of  the  second  degree,  which 

right  lines,  and  whose  cyclic  planes  will  touch  the  two  fixed  planes,  and 

will  be  perpendicular  to  these  two  whose  focal  lines  will  be  perpendicu- 

right  lines.  lar  to  these  two  planes. 

E 
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For,  let  us  draw  through  the  ver- 
tex of  the  moveable  angle  a  right 
line  perpendicular  to  one  of  the  two 
fixed  planes  ;  it  will  be  perpendicu- 
lar to  the  side  of  the  angle  ivhich 
moves  in  this  plane;  the  plane  de- 
termined by  this  right  line  and  by  the 
other  side,  loill,  therefore,  be  perpen- 
dicular to  the  former  side ;  lohence 
it  follows,  that  the  j^lanes  passing 
through  the  right  line  and  through 
the  two  sides  of  the  angle  will  be 
rectangular.  Nou\  ive  have  seen  that, 
when  two  rectangular  planes  turn 
round  a  fixed  right  line,  the  tu'o 
right  lines,  in  which  they  intersect 
two  fixed  planes  passing  through  a 
jjoint  in  this  right  line,  are  in  a  plane 
which  envelopes  a  cone  of  the  second 
degree,  in  which  the  fixed  right  line 
is  a  focal  line  (46,  second  column ;) 
which  proves  the  theorem. 

It  would  have  been  sufficient  to  prove  one  of  these  two 
theorems,  since  either  might  be  deduced  from  the  other  by 
reference  to  the  supplementary  cone. 


For,  when  two  planes  are  rectan- 
gular, every  j)lane  2)erpendicxdar  to 
one  of  them  intersects  them  in  two 
right  lines  ivhich  are  at  right  an- 
gles to  each  other ;  therefore,  a 
transversal  plane  perpendicular  to 
one  of  the  two  fixed  right  lines  in- 
tersects the  two  moveable  planes  in 
two  right  lines  which  are  at  right 
angles  to  each  other  ;  now,  these  tivo 
right  lines  pass  through  the  two  fixed 
points  in  ivhich  the  transversal  plane 
meets  the  two  fixed  right  lines  ;  their 
point  of  intersection  will,  therefore, 
generate  a  circle  which  passes  through 
these  two  points,  and  along  ivhich 
moves  the  right  line  of  intersection 
of  the  two  moveable  planes;  which 
proves  the  theorem. 


53.  If,  round  a  fixed  point,  a  right 
line  be  made  to  turn,  which  makes, 
with  two  fixed  planes,  angles,  the 
product  of  whose  sines  is  constant, 
this  right  line  will  generate  a  cone  of 
the  second  degree  whose  two  cyclic 
planes  will  be  parallel  to  the  two 
given  planes. 


If,  round  a  fixed  point,  a  plane  be 
made  to  turn,  which  makes,  with 
two  given  right  lines,  angles,  the 
product  of  whose  sines  is  constant, 
this  plane  will  envelope  a  cone  of 
the  second  degree  whose  focal  lines 
will  be  parallel  to  the  two  given  right 
lines. 


These  two  propositions  are  evidently  the  converses  of  the 
two  theorems  (20.) 

It  is  sufficient  to  prove  the  first. 

For  this  purpose,  let  us  take  o  as  the  fixed  point ;  m,  m,  as 
the  points  in  which  a  side  of  the  cone  generated  by  the  moving 
right  line  meets  the  two  fixed  planes  ;  and  p,  p,  as  the  feet  of 
the  perpendiculars  let  fall  from  the  point  o  upon  these  planes; 
the  sines  of  the  angles  which  this  side  makes  with  these  planes 
are  respectively  equal  to  — ,  — ;  the  product  of  these  two  ratios 

ought  therefore  to  be  constant.  Now,  the  numerators  are  con- 
stant, whatever  side  of  the  cone  we  consider;  therefore,  the  rect- 
angle under  the  two  lines,  cm,  o;w,  is  constant ;  which  proves 
that  the  point  m  being  upon  a  plane,  the  point  m  is  necessarily 
upon  a  sphere,  (Note  at  the  end  of  the  Memoir  ;)  this  point  m 
lies,  therefore,  on  the  intersection  of  the  second  given  plane 
and  this  sphere.     Hence,  the  cone  generated  by  the  moving 
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right  line  is  cut  in  circular  sections  by  the  two  fixed  planes ; 
which  proves  the  theorem. 

54.  A  plane  and  a  right  line  being  A  right  line  and  a  plane  being 
given,  if  round  their  point  of  inter-  given,  if  round  their  point  of  inter- 
section we  conceive  a  plane  to  tui'n  section  we  conceive  a  right  line  to 
which  makes,  with  the  given  plane  turn  which  makes,  with  the  given 
and  right  line,  angles,  the  ratio  of  right  line  and  plane,  angles,  the 
whose  sines  is  constant,  this  plane  ratio  of  whose  sines  is  constant, 
will  envelope  a  cone  of  the  second  this  right  line  will  generate  a  cone 
degree,  which  will  have  the  given  of  the  second  degree,  in  which  the 
plane  for  one  of  its  cyclic  planes  ;  given  right  line  will  be  a  focal  line, 
and  the  given  right  line  will  be  the  and  the  given  plane  will  be  the  di- 
polar of  this  cyclic  plane  with  rela-  rector  plane  corresponding  to  that 
tion  to  the  cone.  focal  line. 

These  two  propositions  are  the  converses  of  the  two  theo= 
rems  (34.) 

It  is  sufficient  to  prove  the  first. 

For  this  purpose,  let  us  draw  a  transversal  plane  parallel  to 
the  given  plane  ;  it  will  meet  the  given  right  line  in  a  point  a, 
and  the  moveable  plane  in  a  right  line  d. 

The  sine  of  the  angle  which  this  moveable  plane  makes 
with  the  fixed  right  line  is  equal  to  the  perpendicular  let  fall 
from   the  point  a  upon   the  moveable   plane  divided  by  ao 
(o  being  the   point   of    intersection  of  the  given  plane  and 
right  line,  round  which  the  moveable  plane  turns  ;)  the  sine  of 
the  angle  which  this  moveable  plane  makes  with  the  transver- 
sal plane  is  equal  to  the  same  perpendicular  divided  by  the 
distance   of  the  point  a  from  the  right  line  d.      The  ratio  of 
the  two  sines  is  therefore  equal  to  this  distance  of  the  point 
a  from  the  right  line  d,  divided  by  the  distance    oa  ;   this 
ratio  is  constant  by  hypothesis ;    the  distance  oa  is  likewise 
constant ;    consequently,  the  distance   of  the  point  a  from 
the  right  line  D  is  constant ;    thus,  the  trace  of  the  move- 
able plane  upon  the  transversal  plane  is  always  at  the  same 
distance  from  the  point  a  ;  which  proves  that  this  trace  enve- 
lopes a  circle  whose  centre  is  at  the  point  a  ;  the  cone  enve- 
loping the  moveable  plane  is  therefore  one  of  the  second  de- 
gree,  having  a  cyclic  plane  parallel  to  the  transversal  plane, 
and  the  right  line  oa  is  the  polar  of  this  cyclic  plane  ;  which 
proves  the  theorem. 

55.  In  the  second  of  the  two  preceding  theorems  it  is  to  be 
observed,  that  if  from  a  point  in  the  moveable  right  line  per- 
pendiculars be  let  fall  on  the  given  right  line  and  plane,  the 
ratio  of  these  perpendiculars  will  be  the  same  as  the  ratio  of 
the  sines  of  the  angles  which  the  moveable  right  line  makes 
with  the  given  right  line  and  plane.  We  have,  therefore,  the 
following  theorem  : 
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The  geometric  locus  of  a  point  whose  distances  from  a  fixed 
right  line  and  plane  are  in  a  given  ratio^  is  a  cone  of  the  se- 
cond degree^  tvhich  has  the  give?!  right  hne  and  plane  for  a 
focal  line  and  its  corresponding  director  plane. 

If  the  ratio  of  the  distances  be  one  of  equality,  we  infer 
that 

The  surface,  in  which  every  poi7it  is  equidistant  from  a 
given  right  line  and  plane,  is  a  cone  of  the  second  degree, 
having  the  given  right  line  and  plane  for  a  focal  line  and  its 
correspondiiig  director  plane. 

M.  Hachette  has  employed  this  theorem  in  the  descriptive 
solution  of  the  question :  "to  find  the  centre  of  a  sphere 
touching  a  plane  and  circumscribed  about  a  hyperboloid  of 
revolution."  (See  M.  Quetelet's  Correspondance  Mathe- 
matique  et  Physique,  Vol.  IV.  p.  285.)  As  M.  Hachette's 
proof  is  extremely  simple,  we  subjoin  it. 

Let  a  transversal  plane  be  drawn  parallel  to  the  given  plane, 
and  let  a  right  circular  cylinder  be  described,  having  for  its 
axis  the  given  right  line,  and  for  its  radius  the  distance  of  the 
transversal  plane  from  the  given  plane.  The  transversal  plane 
intersects  the  cylinder  in  an  ellipse,  every  point  of  which  is 
equidistant  from  the  given  right  line  and  plane.  Hence  we 
perceive,  that  on  the  cone  whose  base  is  this  ellipse,  and  whose 
vertex  is  the  point  of  concourse  of  the  given  right  Hue  and 
plane,  every  point  is  equidistant  from  this  right  line  and 
plane. 

SECTION  V. 

PROBLEMS  RELATING  TO  THE  CYCLIC  PLANES  AND  TO  THE 
FOCAL  LINES  OF  CONES  OF  THE  SECOND  DEGREE  ;  AND 
GENERAL  PROPERTIES  OF  TRIHEDRAL  AND  TETRAHEDRAL 
ANGLES. 

5Q.  When  the  vertex  and  a  cyclic  plane  ofa  cone  of  the 
second  degree  are  given,  only  three  other  conditions  are  re- 
quired to  determine  this  cone. 

For,  if  a  transversal  plane  be  drawn  parallel  to  the  given 
cyclic  plane,  this  plane  will  intersect  the  cone  in  a  circle,  which 
it  will  be  necessary  to  determine.  For  this  purpose  we  require 
three  conditions.  Hence,  the  modes  of  describing  a  circle 
subject  to  three  given  conditions,  will  become  applicable  to 
the  analogous  questions  relating  to  a  cone  of  the  second  de- 
gree, of  which  we  have  the  vertex  and  one  cyclic  plane  given. 

By  reference  to  the  supplementary  cone,  it  appears  that  the 
vertex  and  a  focal_  line  of  a  cone  of  the  second  degree  being 
given,  we   require  three  other  conditions  to  determine  this 
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cone ;  and  the  modes  of  construction,  will  correspond  to  those 
relating  to  the  analogous  questions  on  cones  of  the  second  de- 
gree, of  which  the  vertex  and  a  cyclic  plane  are  given. 

57.  The  centre  of  a  circle  which  passes  through  two  given 
points  is  upon  the  perpendicular  erected  at  the  middle  point  of 
the  right  Kne  connecting  the  two  points.  Hence,  in  accor- 
dance with  what  has  been  already  said  (39)  we  deduce  the 
two  followino-  theorems : 


If  a  cyclic  plane  and  two  sides  of  a 
cone  of  the  second  degree  be  given, 
the  polar  of  this  cyclic  plane  is  upon 
a  plane  determined  by  the  two  fol- 
lowing conditions : 


1.  Its  trace  upon  the  plane  of 
the  two  sides  must  be  the  harmonic 
conjugate,  with  relation  to  the  two 
sides,  of  the  right  line  in  which  the 
plane  of  these  two  sides  intersects 
the  cyclic  plane. 

2.  Its  trace  upon  the  cyclic  plane 
must  be  perpendicular  to  this  right 
line  of  intersection. 

58.  The  centre  of  a  circle  touching  two  right  lines  is  upon 
the  right  line  which  bisects  the  angle  or  the  supplement  of  the 
angle  between  them.     Hence  w^e  infer,  that 

If  a  cyclic  plane  and  two  tangent 
planes  of  a  cone  of  the  second  de- 
gree be  given,  the  polar  of  this  cy- 
clic plane  lies  in  the  plane  which 
passes  through  the  intersection  of 


If  a  focal  line  and  two  tangent 
planes  of  a  cone  of  the  second  de- 
gree be  given,  the  du-ector  plane 
corresponding  to  this  focal  line, 
will  pass  through  a  right  line  which 
is  the  intersection  of  the  two  fol- 
lowing planes : 

1 .  The  plane  which  passes  through 
the  intersection  of  the  two  given 
tangent  planes,  and  is  the  harmonic 
conjugate,  with  relation  to  these  two 
planes,  of  the  plane  passing  through 
this  intersection  and  through  the 
focal  line. 

2.  The  plane  passing  through 
this  focal  line  at  right  angles  with 
this  latter  plane. 


the  two  tangent  planes,  and  whose 
trace  upon  the  cyclic  plane  bisects 
the  angle  or  the  supplement  of  the 
angle  between  the  traces  of  the 
two  tangent  planes  upon  this  cyclic 
plane. 

59.  Problem. — Given  three  sides 
and  a  cyclic  plane  of  a  cone  of  the  se- 
cond degree,  to  determine  the  polar 
of  this  cyclic  plane. 


If  a  focal  line  and  two  sides  of  a 
cone  of  the  second  degree  be  given, 
the  director  plane  corresponding  to 
this  focal  line  passes  through  the  right 
line  in  which  the  plane  of  the  two 
sides  meets  the  vector  plane  bisect- 
ing the  angle  or  the  supplement  of 
the  angle  between  the  two  vector 
planes  passing  through  the  focal 
line  and  through  the  two  sides. 

Problem — Given  three  tangent 
planes  and  a  focal  line  of  a  cone  of 
the  second  degree,  to  determine  the 
director  plane  corresponding  to  this 
focal  line. 


The  solutions  of  these  two  problems  are  evidently  furnished 
by  the  two  theorems  (57 ;)  it  is,  therefore,  unnecessary  to 
give  them. 


Problem — Given  three  tangent 
planes  and  a  cyclic  plane  of  a  cone 
of  the  second  degree,  to  determine 
the  polar  of  that  cyclic  plane. 


Problem — Given  three  sides  and  a 
focal  line  of  a  cone  of  the  second 
degree,  to  determine  the  director 
plane  of  the  cone  corresponding  to 
that  focal  line. 
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The  solutions  of  these  two  problems  are  evidently  furnished 
by  the  two  theorems  (58  ;)  it  is,  therefore,  unnecessary  for  us  to 
give  them.  But  it  ought  to  be  remarked,  that  just  as  the 
problem  of  describing  a  circle  touching  three  given  right  lines 
has  four  solutions,  so  each  of  these  two  problems  will  likewise 
admit  of  four  solutions. 

61.  From  what  has  been  said  it  is  plain,  that  the  solution 
of  this  question,  "  to  describe  a  circle  touching  three  circles 
lying  in  the  same  plane,"  furnishes  immediately  the  solutions 
of  the  two  following  problems  : 


Problem. — Given  three  cones  of 
the  second  degree,  having  the  same 
vertex  and  a  common  cyclic  plane, 
to  describe  a  fourth  cone  of  the 
second  degree,  touching  these  three 
cones,  and  having  the  same  cyclic 
plane  with  them. 


Problem Given  three  cones  of 

the  second  degree,  having  the  same 
vertex  and  the  same  focal  line,  to 
determine  a  fourth  cone  of  the  se- 
cond degree  touching  these  three 
cones,  and  having  the  same  focal 
line  with  them. 


Each  of  these  problems,  generally  speaking,  admits  of  eight 
solutions.  The  given  cones  may  become  planes  or  right  lines,  in 
the  same  way  as  we  have  shewn,  (Annales  de  Mathematiques 
de  M.  Gergonne,)that,  in  the  construction  of  a  circle  touching 
three  given  circles,  these  latter  may  become  right  lines  or 
points. 


62.  We  have  seen  (59,)  that  lohen  we 
have  a  trihedral  angle  and  a  plane 
passing  through  its  vertex,  this  plane 
may  be  considered  as  the  cijclic  plane 
of  a  cone  of  the  second  degree,  three 
of  ivhose  generatrices  are  the  three 
edges  of  the  trihedral  angle ;  con- 
sequently, we  infer  from  theorem  22, 
that 

If,  being  given  a  trihedral  angle 
and  a  transversal  plane  passing 
through  its  vertex,  we  draw  in  each 
face  of  this  angle  a  right  line  through 
the  vertex,  which  makes,  with  one 
of  the  two  edges  lying  in  this  face, 
an  angle  equal  to  that  contained  be- 
tween the  other  edge  and  the  trace 
of  the  transversal  plane  upon  this 
face,  the  three  right  lines  thus 
drawn  in  the  three  laces  arc  in  the 
same  plane. 

This  plane  and  the  given  trans- 
versal plane  arc  the  cyclic  planes 
of  a  cone  of  the  second  degree, 
circumscribed  about  the  trihedral 
Jingle. 


We  have  seen  (59,)  that  when  we 
have  a  trihedral  angle  and  a  right 
line  passing  through  its  vertex,  this 
right  line  may  be  considered  as  the 
focal  line  of  a  cone  of  the  second 
degree  touching  the  three  faces  of 
the  trihedral  angle  ;  consequently, 
we  infer  from  theorem  22,  that 

If,  being  given  a  trihedi*al  angle 
and  a  right  line  passing  through  its 
vertex,  we  draw  through  each  edge 
of  this  trihedral  angle  a  plane,  mak- 
ing, with  one  of  the  two  faces  ad- 
jacent to  this  edge,  an  angle  equal 
to  that  which  the  other  face  makes 
with  the  plane  determined  by  the 
same  edge  and  by  the  given  right 
line,  the  three  planes  thus  drawn 
pass  through  the  same  right  line. 

This  right  line  and  the  given  right 
lino  are  the  focal  lines  of  a  cone  of 
the  second  degree  inscribed  in  the 
trihedral  angle. 
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63.  This  theorem  leads  to  the  solu- 
tion of  the  following  problem : 

Problem Given  three  sides  and 

cyclic  plane  of  a  cone  of  the  second 
degree,  to  determine  the  second  cy- 
clic  plane  of  this  cone. 


This  theorem  leads  to  the  solution 
of  the  following  problem  : 

Problem Given   three  tangent 

planes  and  a  focal  line  of  a  cone  of 
the  second  degree,  to  determine  the 
second  focal  line  of  this  cone. 


64.  Theorems  (28)  give  rise  to  the  two  following  : 


A  plane  being  drawn  through  the 
vertex  of  a  trihedral  angle,  if  in 
this  plane  we  draw  three  right  lines 
passing  through  the  vertex,  and  re- 
spectively perpendicular  to  the  three 
edges  of  th£  angle,  each  edge  and 
its  perpendicular  will  determine  a 
plane  ;  if  a  cone  of  the  second 
degree  be  described  touching  the 
three  planes  thus  determined,  and 
having  for  a  focal  line  the  perpen- 
dicular to  the  given  plane,  through 
the  edges  of  the  trihedral  angle 
three  new  tangent  planes  to  the  cone 
may  be  drawn,  and  the  right  lines 
drawn  in  these  planes  respectively 
perpendicular  to  the  three  edges, 
will  all  three  be  in  a  new  plane  per- 
pendicular to  the  second  focal  line 
of  the  cone. 


G5.  Theorem  (30)  leads  to  the  following  : 

If  from  any  point  perpendiculars  be  let  fall  upon  the  three 
faces  of  a  trihedral  angle,  and  through  each  edge  of  the  angle 
a  plane  be  draiun  perpendicular  to  the  right  line  joining  the 
feet  of  the  perpendiculars  upon  the  two  faces  adjacent  to  this 
edge,  the  three  planes  thus  drawn  will  intersect  in  the  same 
right  line. 

QQ.  Theorems  (31)  lead  to  the  following  : 


A  right  line  being  drawn  through 
the  vertex  of  a  trihedral  angle,  if  it 
be  projected  orthogonally  upon  the 
three  faces  of  the  angle,  and  through 
the  three  projections  a  cone  be 
made  to  pass,  one  of  whose  cyclic 
planes  is  perpendicular  to  the  given 
right  line,  this  cone  will  intersect 
the  three  faces  of  the  trihedral  an- 
gle in  three  new  right  lines,  and  the 
planes  passing  through  these  right 
lines  and  respectively  perpendicular 
to  the  three  faces  will  intersect  in 
the  same  right  line,  which  will  be 
perpendicular  to  the  second  cyclic 
plane  of  the  cone. 


A  right  line  being  drawn  through 
the  vertex  of  a  trihedral  angle,  its 
orthogonal  projections  on  the  faces 
of  this  angle  will  be  the  edges  of  a 
second  trihedral  angle  ;  the  planes, 
passing  through  the  edges  of  the 
first  angle,  and  respectively  perpen- 
dicular to  the  faces  of  the  second, 
will  pass  through  the  same  right 
line. 


A  plane  being  drawn  through 
the  vertex  of  a  trihedral  angle, 
three  right  lines  drawn  in  this  plane 
perpendicular  to  the  three  edges  of 
the  angle  will  respectively  deter- 
mine with  these  edges  three  planes 
forming  a  second  trihedral  angle  ; 
the  three  right  lines  drawn  in  the 
faces  of  the  first  angle,  and  respec- 
tively perpendicular  to  the  three 
edges  of  the  second,  will  all  three 
be  in  the  same  plane. 


67.    It  is  known  that  the  circle  circumscribed  about  a  tri- 
angle, whose  three  sides  touch  a  parabola,  passes  through  the 
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focus  of  that  curve.  (Traite  des  Proprietes  Projectives  de  M. 
Poncelet,  p.  268.)  Hence  we  infer  the  first,  and  conse- 
quently, the  second,  of  the  two  following  theorems  : 


If  about  a  cone  of  the  second  de- 
gree several  trihedi'al  angles  be 
circumscribed,  and  as  many  cones  of 
the  second  degree  be  respectively 
circumscribed  about  these  trihedral 
angles,  having  all  of  them  a  plane 
touching  the  given  cone  for  their 
common  cyclic  plane,  all  these 
cones  will  pass  through  a  common 
generatrix. 

68.  From  what  precedes  we  infer 
by  means  of  theorem  28,  second 
column,  that 

A  cone  of  the  second  degree  being 
given,  if  any  trihedral  angle  be  cir- 
cumscribed about  it,  and  in  a  fixed 
plane  touching  the  cone  three  right 
lines  be  taken  making  right  an- 
gles with  the  three  edges  of  the 
trihedral  angle,  and  if  we  further 
conceive  a  cone  touching  the  planes 
of  these  three  angles  and  having  for 
its  focal  line  the  perpendicular  to 
the  fixed  tangent  plane,  this  new 
cone  will  touch  a  fixed  plane,  what- 
ever be  the  trihedral  angle  cu'cum- 
scribed  about  the  given  cone. 


If  in  a  cone  of  the  second  degree 
several  trihedral  angles  be  inscribed, 
and  as  many  cones  of  the  second 
degree  be  respectively  inscribed  in 
these  trihedral  angles,  having  all 
of  them  a  side  of  the  given  cone  for 
their  common  focal  line,  all  these 
cones  will  touch  the  same  plane. 


From  what  precedes  ive  infer  hij 
means  of  theorem  28,  first  column, 
that 

A  cone  of  the  second  degree  be- 
ing given,  if  any  trihedral  angle  be 
inscribed  in  it,  and  through  a  fixed 
side  of  the  cone  three  planes  be 
drawn  respectively  perpendicular  to 
the  faces  of  this  angle,  and  if  we 
fui'ther  conceive  a  cone  of  the  se- 
cond degree  to  be  described  pass- 
ing through  their  three  right  lines 
of  intersection  with  these  faces,  and 
having  one  of  its  cyclic  planes  per- 
pendicular to  the  fixed  side  of  the 
given  cone,  this  new  cone  will  pass 
through  a  fixed  right  line,  whatever 
be  the  trihedral  angle  inscribed  in 
the  given  cone. 


69.  These  two  theorems  lead  to  the  two  following  proper- 


ties of  tetrahedral  angles 


If  a  tetrahedral  angle  be  given, 
and  also,  a  fixed  plane  passing 
through  its  vertex,  the  planes  of  the 
fom-  faces  of  the  tetrahedral  angle, 
taken  three  by  three,  will  form  four 
trihedral  angles :  now,  if  in  the 
given  plane  right  lines  be  taken  mak- 
ing right  angles  with  the  edges  of 
these  trihedral  angles,  and  a  cone 
of  the  second  degree  be  described, 
touching  the  planes  of  the  three  right 
angles  corresponding  to  each  trihe- 
dral angle,  and  having  one  of  its  fo- 
cal lines  perpendicular  to  the  given 
plane,  the  four  cones  thus  determined 
will  all  touch  the  same  plane. 


If  a  tetrahedral  angle  be  given, 
and  also,  a  fixed  right  line  passing 
through  its  vertex,  the  four  edges 
of  this  angle,  taken  three  by  three, 
will  determine  four  trihedral  angles : 
now,  if  through  the  given  right  line 
planes  be  drawn  perpendicular  to 
the  faces  of  each  of  these  trihedral 
angles,  and  through  the  right  lines 
of  intersection  of  these  planes  with 
these  faces  a  cone  of  the  second  de- 
gree be  described,  having  one  of  its 
cyclic  planes  perpendicular  to  the 
given  right  line,  the  four  cones  thus 
determined  will  pass  through  a  com- 
mon generatrix. 
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ORGANIC    DESCRIPTION    OF    CONES   OF    THE    SECOND  DEGREE. 

70.  The  organic  description  of  the  conic  sections  given 
by  Newton,  is  founded  upon  the  following  theorem  : 

If  any  two  constant  angles  turn  round  two  fixed  points  as 
vertices,  so  that  two  of  their  sides  intersect  upon  a  given  right 
line,  the  point  of  intersection  of  their  two  other  sides  will 
generate  a  conic  section,  which  will  pass  through  the  two 
fixed  points.  (See  Universal  Arithmetic,  Vol.  i. ;  and  Prin- 
cipia  Mathematica,  Lib.  i.  Lemma  21.) 

This  construction  of  the  conic  sections  by  points,  is  general. 

The  cones  of  the  second  degree  admit  of  a  similar  con- 
struction, by  which  their  sides  are  determined ;  and  also  of 
another  analogous  construction  by  which  their  tangent  planes 
may  be  determined. 

These  two  modes  of  describing  the  cones  of  the  second 
degree  are  included  in  the  two  following  theorems  : 


71.  If  any  two  dihedral  angles  of 
invariable  magnitude  whose  edges 
are  fixed  and  meet  one  another,  turn 
round  these  edges  so  that  two  of 
their  faces  intersect  on  a  fixed  plane 
passing  through  the  point  of  inter- 
section of  the  two  edges,  the  inter- 
section of  their  two  other  faces  will 
generate  a  cone  of  the  second  de- 
gree which  will  pass  through  the 
two  fixed  edges. 


For  let  us  conceive  a  cone  of  the 
second  degree,  ichose  focal  lines  are 
the  edges  of  the  two  moveable  dihe- 
dral angles,  and  which  touches  the 
gived  fixed  plane. 

The  two  first  faces  of  the  two  di- 
hedral angles  intersect  upon  this 
plane,  by  hypothesis ;  through  their 
right  line  of  intersection,  let  us  draw 
a  plane  m,  touching  the  cone ;  this 
plane  meets  the  second  face  of  the 
first  angle  in  a  right  line  ivhich  ge- 
nerates a  plane  v,  touching  the  cone. 
(44,  second  column.) 

In  like  manner,  the  plane  m  meets 
the  second  face  of  the  second  angle 
in  a  right  line  ivhich  generates  ano- 
ther plane  p',  touching  the  cone. 


If  any  two  plane  angles  of  invaria- 
ble magnitude  have  for  their  com- 
mon vertex  a  fixed  point  round  which 
they  turn  in  two  given  planes,  in 
such  a  manner  that  the  plane  deter- 
mined by  two  of  their  sides  turns 
round  a  fixed  right  line  passing 
through  their  common  vertex,  the 
plane  determined  by  their  two  other 
sides  will  envelope  a  cone  of  the 
second  degree,  which  will  touch  the 
two  planes  in  which  the  two  angles 
respectively  move. 

For  let  us  conceive  a  cone  of  the 
second  degree,  ivhose  cyclic  planes  are 
the  two  planes  in  which  the  two  an- 
gles move,  and  which  passes  through 
the  fixed  i-ight  line. 

The  plane  which  contains  the  two 
first  sides  of  the  two  angles  turns 
round  this  right  line,  and  cuts  the 
cone  along  another  side  m  ;  the 
plane  determined  by  this  side  and  by 
the  second  side  of  the  first  angle 
turns  round  fixed  side  of  the  cone 
p.  (44,  first  column.) 

In  like  manner,  the  plane  deter, 
mined  by  the  side  m  and  by  the 
second  side  of  the  second  angle  turns 
round  another  fixed  side  of  the  cone  p'. 
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Hence  the  tico  second  faces  of  the 
two  dihedral  aiigles  meet  amj  plane 
M  touching  the  cone  in  two  right 
lines  contained  in  two  fixed  planes  p, 
p',  touching  this  cone ;  but  these  two 
faces  respectively  pass  through  the 
two  edges  of  the  dihedral  angles 
which  are  the  focal  lines  of  the  cone ; 
therefore,  their  right  line  of  inter- 
section generates  a  cone  of  the  se- 
cond degree,  passing  through  these 
tivo  fixed  edges.  (5 1 ,  second  cohimn.') 

Q.   E.  D. 


Hence  the  two  second  sides  of  the 
tivo  angles  are  respectively  in  two 
planes  which  turn  rozind  tivo  fixed 
sides  of  the  cone  v,  p',  and  which 
intersect  upon  another  indefinite  side 
M  ;  but  these  two  sides  are  respec- 
tively in  the  two  cyclic  planes  of  the 
cone  ;  therefore,  their  plane  will  en- 
velope a  cone  of  the  second  degree, 
touching  these  two  cyclic  planes.  (31, 
first  cohimn.)  q.  e.  d. 


It  would  have  been  sufficient  to  demonstrate  one  of  these 
two  theorems,  since  the  other  might  have  been  deduced  from 
it  by  reference  to  the  supplementary  cone. 

The  first  part  of  our  proof  of  the  first  theorem  is  analogous 
to  the  method  which  M.  Poncelet  has  employed  in  proving 
the  theorem  of  Newton.  (Traite  des  Proprietes  Projectives, 
p.  274.)  It  is  satisfactory  to  make  this  comparison,  since  it 
furnishes  an  example  of  the  advantages  attending  the  modes 
of  proof  adopted  in  that  learned  work,  when  applied  to 
questions  in  the  geometry  of  three  dimensions  as  well  as  to 
those  of  plane  geometry. 


72.  Problem Given  five  sides  of 

a  cone  of  the  second  degree,  to  de- 
termine all  the  other  sides  of  the 
cone  by  the  movement  of  two  dihe- 
dral angles  round  their  edges. 

Let  A,  B,  c,  D,  E,  be  the  Jive  given 
sides ;  let  us  take  the  first  two  a,  b, 
as  the  edges  of  the  two  moveable  di- 
hedral angles,  and  conceive  that  when 
two  faces  of  these  angles  simulta- 
neously coincide  ivith  the  plane  of  the 
two  sides  a,  b,  their  tivo  other  faces 
intersect  along  the  third  side  c  ;  so 
that  these  tivo  angles  are  perfectly 
determined. 

Noiv  let  them  be  turned  round 
their  edges  a,  b,  so  that  their  tivo 
faces,  which  before  passed  through 
the  side  c,  may  intersect  along  the 
fourth  side  d,  and  again  along  the 
fifth  side  E ;  their  two  first  faces 
rvhich  originally  coincided  with  the 
plane  of  the  two  edges  a,  b,  will 
successively  intersect  in  two  right 
lines  n',  e'. 

Let  the  right  line  of  intersection 


Problem Given    five    tangent 

planes  to  a  cone  of  the  second  de- 
gree, to  determine  all  the  other  tan- 
gent planes  by  the  movement  of  two 
angles  in  their  respective  planes. 

Let  A,  B,  c,  D,  E,  be  the  five  given 
planes ;  let  us  take  the  first  two  a,  b, 
as  the  planes  of  the  two  moveable 
angles ;  the  third  plane  c,  will  inter- 
sect them  in  two  right  lines  which 
will  make  two  angles  with  the  right 
line  of  intersection  icith  these  two 
planes ;  these  will  be  the  two  movea- 
ble angles. 

Now  let  them  be  turned  round 
their  common  vertex  in  their  respec- 
tive planes  a,  b,  so  that  their  two 
sides,  which  before  were  contained  in 
the  plane  c,  may  lie  in  the  plane  d, 
and  again  in  the  plane  e  ;  their  two 
first  sides  which  originally  coincided 
with  the  right  line  of  intersection  of 
the  two  planes  a,  b,  will  successively 
determine  two  planes  d',  e'. 

Let   the  plane   of  the  same  two 
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of  the  same  two  faces  traverse  the  sides  turn  round  the   i-lght  line  of 

plane  determined  by  the  two  right  intersection  of  these  two  planes  d',  e', 

lines  d',  e',  the  right  line  ofintersec-  the  plane  of  the  tivo  other  sides  of 

tion  of  the  two  other  faces  idllgene-  the  two  inoceable  angles  will  assume 

rate  the  required  cone  ;  as  appears  all  the  positions  of  the  planes  touch- 

from,  the  preceding  theorem.  ing  the  required  cone ;   as  appears 

from  the  preceding  theorem. 


SECTION  VII. 

PROPERTIES  OF  HYPERBOLOIDS  DEDUCED  FROM  THOSE  OF 
CONES  OF  THE  SECOND   DEGREE. 

73.  It  is  known  that  a  hyperboloid,  whether  of  one  or  of 
two  sheets,  and  its  asymptotic  cone  have  the  same  systems  of 
conjugate  diameters.  Now,  we  have  proved  that  in  every 
cone  of  the  second  degree  there  are  two  axes  such  that  two 
conjugate  planes  passing  through  either  of  them,  are  always 
at  right  angles  (14)  ;  it  follows,  therefore,  that 

In  every  hyperholoid,  ivhether  of  one  or  of  two  sheets^  there 
are  two  diameters  such  that  two  conjugate  planes  passing 
through  either  of  than  are  always  at  right  angles  (a). 

These  tw^o  diameters  are  the  focal  lines  of  the  asymptotic 
cone  of  the  hyperboloid. 

74.  These  right  lines  lie  within  the  cone  ;  consequently 
they  meet  the  hyperboloid  if  it  be  one  of  two  sheets,  and  do 
not  meet  it  if  it  be  of  one  sheet.  About  a  hyperboloid  of  one 
sheet,  two  cylinders  might  therefore  be  circumscribed,  having 
their  generatrices  parallel  to  the  two  right  lines  in  question. 

Two  planes  passing  through  either  of  these  right  lines,  and 
mutually  conjugate  with  relation  to  the  hyperboloid,  will 
also  be  conjugate  with  relation  to  the  circumscribed  cylinder, 
whose  generatrices  are  parallel  to  this  right  line.  A  trans- 
versal plane  perpendicular  to  this  right  line  will  cut  the 
cylinder  in  a  conic  section,  and  will  intersect  the  two  conju- 
gate planes  along  two  conjugate  diameters  of  that  curve  ; 
now  these  two  diameters  will  be  at  right  angles  ;  the  conic 
section  will  therefore  be  a  circle  ;  whence  we  infer,  that 

About  every  hyperboloid  of  one  sheet  tico  cylinders  may 
be  circumscribed^  whose  bases  upon  planes  perpendicular  to 
their  generatrices  are  circles  (b). 

(«)  There  are  two  similar  right  lines  in  the  ellipsoid  ;  as  we  shall  show 
hereafter,  when  proving  a  more  general  property  of  the  surfaces  of  the 
second  degree. 

(i)  This  equally  applies  to  the  ellipsoid. 
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The  axes  of  these  cylinders  are  the  focal  lines  of  the 
asymptotic  cone  of  the  hyperholoid. 

75.  These  cylinders  possess  two  characteristic  properties 
which  are  easily  deduced  from  two  properties  of  cones  of  the 
second  degree.  For  it  is  well  known  that  the  sides  of  the 
asymptotic  cone  of  a  hyperboloid  of  one  sheet  are  parallel  to 
the  generatrices  of  the  hyperboloid ;  we  infer,  therefore,  from 
theorem  (34,)  second  column,  in  consequence  of  what  has 
been  just  stated,  that, 

In  every  hyperboloid  of  one  sheet,  the  ratio  of  the  sines  of 
the  angles  made  by  each  generatrix  with  the  axis  of  either 
of  the  two  circumscribed  right  circular  cylinders,  and  with 
the  diametral  plane  conjugate  to  that  axis,  is  constant. 

76.  Theorem  (24,)  second  column,  leads  to  the  following  : 
In  every  hyperboloid  of  one  sheet,  the  sum  or  the  difference 

of  the  angles  made  by  each  generatrix  with  the  two  axes  of 
the  circumscribed  right  circular  cylinders,  is  constant. 

77.  The  properties  of  the  cones  of  the  second  degree  lead 
also  to  two  theorems  relative  to  the  subcontrary  sections  of 
the  hyperboloid  of  one  sheet. 

For  every  transversal  plane  intersects  a  hyperboloid,  and  its 
asymptotic  cone  in  two  similar,  and  similarly  placed  conic  sec- 
tions. This  may  be  easily  shown,  for  where  two  surfaces  of  the 
second  degree  touch  one  another  along  a  plane  curve,  every 
plane  intersects  them  in  two  conic  sections,  which  have  a 
double  contact  on  the  right  line  in  which  this  plane  meets  the 
plane  of  the  curve  of  contact  of  the  two  surfaces.  If  the 
plane  of  this  curve  be  at  an  infinite  distance,  the  two  conic 
sections  will  have  a  double  contact  on  a  right  line  lying  at  an 
infinite  distance,  which  indicates  that  the  two  conic  sections 
are  similar,  similarly  placed,  and  concentric. 

Hence,  it  follows,  that  the  planes  of  the  circular  sections  of 
a  hyperboloid  are  parallel  to  the  cyclic  planes  of  its  asymp- 
totic cone. 

78.  Consequently,  theorem  (26,)  first  column,  leads  to  the 
following : 

In  every  hyperboloid  of  one  sheet,  the  product  of  the  sines 
of  the  angles  made  by  each  generatrix  with  the  planes  of  the 
subcontrary  sections,  is  constant. 

79.  Every  plane  touching  a  hyperboloid  of  one  sheet  passes 
through  two  generatrices,  and  the  plane  passing  through  the 
centre  of  the  hyperboloid  intersects  the  asymptotic  cone  along 
two  sides  parallel  to  these  two  generatrices  ;  consequently, 
theorem  (22,)  first  column,  leads  to  the  following  : 

In  every  hyperboloid  of  one  sheet,  the  tangents  drawn  at 
any  point  on  its  surface  to  the  two  circular  sections  passing 
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through  this  point  respectively   make  equal  angles  with  the 
two  generatrices  which  meet  in  this  point. 


Note  referred  to  in  Nos.  17  and  53. 

Theorem. — If  from  a  fixed  point  radii  he  drawn,  terminating  at  dif- 
ferent points  of  a  given  plane,  and  points  be  assumed  on  these  radii,  whose 
distances  from  the  fixed  point  are  reciprocally  proportional  to  the  radii, 
these  points  will  all  be  on  a  sphere  which  will  pass  through  the  fixed 
point,  and  whose  centre  will  be  on  the  perpendicular  let  fall  from  this 
point  upon  the  plane. 

For,  let  o  be  the  fixed  point,  p  the  foot  of  the  perpendictilar  let  fall 
from  this  point  upon  the  given  plane,  and  m  any  point  whatever  in  the  plane ; 
let  us  assume  vipon  the  radii  op,  om,  two  points  p,  m,  such  thato/),om,  may  be 
reciprocally  proportional  to  op,  om,  that  is  to  say,  such  that  we  shall  have 
op.  op  =  a^,  oM.om  =  a^;  («  being  a  constant  right  line  ;)  the  triangles  opm 
opm,  are  plainly  similar,  the  angle  m  is,  therefore,  a  right  angle  ;  which 
proves  that  the  point  m  is  upon  the  sphere  described  upon  op  as  diameter. 

Q.  E.  D. 
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SECTION  I. 

PRELIMINARY    CONSIDERATIONS. 

1 .  Let  there  be  a  cone  of  the  second  degree  having  its  ver- 
tex at  the  centre  of  a  sphere.  The  curve  of  intersection  of 
these  two  surfaces  is  a  line  of  curvature  of  the  cone,  since  it 
is  every  where  normal  to  the  generatrices  of  the  cone,  which 
are  also  lines  of  curvature. 

By  the  intersection  of  the  sphere  with  the  two  sheets  of 
the  cone,  we  obtain  two  curves,  which  return  into  them- 
selves, and  which  are  evidently  symmetrical  with  relation  to 
the  three  principal  planes  of  the  cone,  in  the  same  manner  as 
the  cone  itself  is  symmetrical  with  relation  to  these  three 
planes.  These  two  curves  are  also  symmetrical  with  relation 
to  the  three  great  circles  in  which  these  planes  intersect  the 
sphere. 

Each  of  these  two  curves  is  of  double  curvature,  unless  the 
cone  be  one  of  revolution,  in  which  case  they  are  both  circles 
of  the  sphere.  These  two  curves,  in  the  general  case  of  any 
cone  of  the  second  degree,  have  the  form  of  an  ellipse, 
and  differ  less  from  this  curve  as  the  radius  of  the  sphere  be- 
comes greater.  On  this  account  we  may  be  permitted  to  call 
each  of  these  curves  a  spherical  ellipse. 

2.  Let  the  principal  plane  of  the  cone  be  drawn,  and  let 
us  only  consider  the  hemisphere  and  the  sheet  of  the  cone 
situated  above  this  plane ;  this  sheet  w  ill  determine  a  spheri- 
cal ellipse  upon  the  surface  of  the  sphere ;  the  principal  axis 
of  the  cone  will  penetrate  the  sphere  in  a  point  which  will  be 
the  centre  of  this  ellipse ;  for  it  will  bisect  every  arc  of  a 
great  circle  passing  through  this  point  and  included  within 
the  curve  ;  since  the  arc  of  a  great  circle,  included  between 
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two  points  on  a  sphere,  measures  the  angle  contained  by  two 
right  lines  drawn  from  the  vertex  of  the  cone  to  these  two 
points. 

Every  arc  of  a  great  circle  passing  through  the  centre  and 
terminated  by  the  curve  is  a  diametral  arc  of  the  curve. 

The  greatest  and  the  least  of  the  diametral  arcs  of  the  ellipse, 
which  we  shall  call  its  principal  diametral  arcs,  are  contained 
in  the  planes  of  the  greatest  and  least  sections  of  the  cone. 
These  arcs  terminate  in  four  points  of  the  ellipse,  which  may 
be  called  its  vertices. 

The  two  focal  lines  of  the  cone  will  penetrate  the  hemi- 
sphere, on  which  is  traced  the  spherical  ellipse  which  we  are 
now  considering,  in  two  points  which  may  be  called  the 
foci  of  the  ellipse,  on  account  of  the  similarity  which  may  be 
shown  to  exist  between  their  properties  and  those  of  the  foci 
of  plane  ellipses. 

Lastly,  the  two  cyclic  planes  of  the  cone  will  intersect  the 
same  hemisphere  in  two  great  semi-circles,  which  will  have 
the  major  axis  of  the  cone  for  their  common  diameter.  This 
major  axis  lies  in  the  plane  of  the  greatest  diametral  arc  of  the 
ellipse ;  and  these  two  great  semi-circles  are  perpendicular  to 
the  least  diametral  arc,  and  never  meet  the  ellipse.  In  order 
to  indicate  their  origin,  let  us  call  these  two  arcs  the  cyclic 
arcs  of  the  spherical  ellipse. 

3.  Now  let  us  draw  the  plane  of  the  least  section  of  the 
cone.  It  is  clear  that  this  plane  will  divide  the  complete  inter- 
section of  the  cone  and  sphere  into  two  equal  parts,  symme- 
trically placed  with  relation  to  this  plane. 

Let  us  consider  the  part  of  this  intersection  lying  on  one 
side  of  this  plane  :  it  will  consist  of  two  branches  which  will 
be  halves  of  the  two  spherical  ellipses  ;  these  two  branches 
being  symmetrical  with  respect  to  the  diametral  plane  perpen- 
dicular to  the  principal  axis  of  the  cone,  and  receding  more 
and  more  from  this  plane  as  the  distance  from  their  vertices  in- 
creases, form,  when  considered  together,  a  curve  which  may 
be  called  a  spherical  hyperbola.  Its  centre  is  the  point  where 
the  major  axis  of  the  cone  penetrates  the  hemisphere  on  which 
the  curve  is  traced  ;  its  two  foci  are  the  points  where  the  two 
focal  lines  of  the  cone  penetrate  this  hemisphere.  The  curve 
has  but  two  vertices,  and  its  foci  lie  upon  the  arc  of  a  great 
circle  which  joins  them. 

Lastly,  the  two  cyclic  planes  of  the  cone  intersect  the 
hemisphere  in  two  great  semicircles,  which  pass  through  the 
centre  of  the  hyperbola,  and  make  equal  angles  with  the  arc 
which  joins  its  two  foci.  These  are  the  two  cyclic  arcs  of 
the  hyperbola. 
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4.  Attain,  let  us  consider  the  hemisphere  lying  on  either 
side  of  the  plane  of  the  greatest  section  of  the  cone,  that  is, 
the  plane  containing  the  two  focal  lines. 

On  this  hemisphere  we  shall  have  two  halves  of  the  two 
spherical  ellipses.  These  two  curves  turn  their  concave  parts 
towards  each  other,  and  approach  towards  the  principal  plane 
of  the  cone  as  the  distance  from  their  vertices  increases. 

These  two  branches  taken  together  form  a  third  species  of 
spherical  curve.  This  curve  has  a  centre,  which  is  the  point 
of  intersection  of  the  sphere  with  the  minor  axis  of  the  cone  ; 
it  has  four  foci  which  are  in  the  plane  of  the  greatest  section 
of  the  cone,  and  two  cyclic  arcs  which  lie  between  the  two 
branches  of  the  curve,  and  are  perpendicular  to  the  arc  of  the 
great  circle  which  joins  its  two  vertices. 

The  three  curves  which  we  have  just  been  considering,  are 
portions  of  the  same  curve  which  arises  from  the  complete 
intersection  of  the  sphere  with  a  cone  of  the  second  degree, 
having  its  vertex  at  the  centre  of  the  sphere.  We  may, 
therefore,  designate  them  all  by  the  common  name  of  spheri- 
cal conies. 

5.  The  Spherical  conies  possess  a  great  number  of  pro- 
perties, of  which  the  most  part  are  very  remarkable. 

It  is  to  be  observed,  that  all  these  properties  are  double, 
that  is  to  say,  to  every  proposition  relative  to  the  spherical 
conies,  there  always  corresponds  a  second  proposition  relative 
to  these  same  curves. 

This  results  from  the  fact,  that  the  properties  of  the  cones 
of  the  second  degree  are  double,  as  we  have  already  proved. 
(See  section  10  of  the  preceding  Memoir.)  But  we  may  also 
prove  this  general  principle  by  observing,  that  to  any  figure 
traced  upon  the  surface  of  the  sphere  there  always  corres- 
ponds a  second  figure,  which  is  the  envelope  of  the  arcs  of 
great  circles,  whose  planes  are  perpendicular  to  the  radii  of 
the  sphere  drawn  to  the  different  points  of  the  first  figure. 
Each  property  of  the  first  figure  has,  therefore,  ^  always  a 
corresponding  property  in  the  second  figure;  but  if  the  first 
figure  be  a  cojiic,  the  second  will  also  be  a  co7iic,  arising  from 
the  intersection  of  the  sphere  with  the  cone  supplementary  to 
that  on  which  the  first  conic  lies  ;  which  proves  the  principle 
that  has  been  stated. 

We  may  call  the  two  conies  supplementary,  as  well  as  the 
two  cones  ;  the  cyclic  arcs  of  either  of  them  are  in  the  dia- 
metral planes  perpendicular  to  the  diameters  of  the  sphere 
passing  through  the  foci  of  the  other. 

6.  Among  the  numerous  properties  of  the  spherical  conies 
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there  are  two  which  have  been  already  given  by  M.  Magnus, 
of  Berlm.  (See  Annales  de  Mathematiques,  August,  1825.) 
They  are  the  two  following: 

"  The  sum  or  the  difference  of  the  two  radii  vectores  drawn 
from  the  two  foci  of  a  spherical  conic  to  any  point  in  it  is 
constant. 

"  The  two  radii  vectores  drawn  to  any  point  of  the  conic 
make  equal  angles  with  the  arc  of  a  great  circle  touching  the 
curve  at  that  point." 

7.  It  is  evident  that,  by  reference  to  the  supplementary  conic 
whose  properties  we  have  just  stated,  we  might  immediately 
deduce  from  these  two  propositions  the  following  theorems 
which  appear  to  us  to  possess  an  equal  degree  of  interest : 

"  In  every  spherical  conic  there  are  two  arcs  of  great  circles 
such  that  the  sum  or  the  difference  of  the  angles,  which  each 
arc  of  a  great  circle  touching  the  conic  makes  with  them,  is 
constant. 

"  Every  arc  of  a  great  circle,  touching  the  conic  and  ter- 
minated by  these  two  fixed  arcs,  is  bisected  at  its  point  of 
contact  with  the  conic." 

The  former  of  these  two  propositions  shows  that, 

"  The  envelope  of  the  bases  of  all  the  spherical  triangles, 
which  have  a  common  vertical  angle  and  the  same  area,  is  a 
spherical  conic." 

8.  This  latter,  and  the  preceding  theorem,  are  exactly  ana- 
logous to  the  following  well-known  properties  of  the  hyper- 
bola : 

"  The  envelope  of  the  bases  of  all  the  plane  triangles,  which 
have  a  common  vertical  angle  and  the  same  area,  is  a  hyper- 
bola. 

"  The  portion  of  any  tangent  to  a  hyperbola  intercepted  by 
the  two  asymptotes  is  bisected  at  the  point  of  contact  with 
the  curve." 

We  shall  find  the  same  analogy  between  several  other  pro- 
perties of  the  spherical  conies  and  those  of  the  hyperbola,  so 
that  the  cyclic  arcs  of  the  spherical  conies  will  be  found  to 
bear  the  same  relation  to  those  curves  that  its  asymptotes  do 
to  the  hyperbola. 

As  to  the  two  theorems  of  M.  Magnus,  they  bear  a  striking 
similarity  to  the  known  properties  of  the  foci  of  the  conic 
sections :  the  same  may  be  observed  of  all  the  other  pro- 
perties of  the  foci  of  these  curves. 

In  fact,  we  shall  show  in  the  last  section  of  this  Memoir,  how 
the  properties  of  the  foci  of  the  conic  sections  and  those  of 
the  asymptotes  of  the  hyperbola  may  be  considered  as  conse- 
quences from  those  which  we  prove  with  relation  to  the  foci 
and  the  cyclic  arcs  of  the  spherical  conies. 


OF  THE  SPHERICAL  CONICS.  45 

But  as  these  properties  of  the  foci  of  the  spherical  conies  may 
be  applied  to  all  the  plane  conic  sections,  it  might  naturally 
be  supposed  that  those  of  the  cyclic  arcs  ought,  in  like  man- 
ner, to  have  corresponding  ones  in  every  plane  conic  section  ; 
they  therefore  guide  us  to  the  discovery  of  a  new  class  of 
general  properties  of  the  plane  conic  sections,  of  which  those 
of  the  asymptotes  of  the  hyperbola  are  only  particular  cases. 

We  shall  make  these  new  properties  of  the  plane  conic 
sections,  the  subject  of  a  separate  memoir,  as  we  mean  to  couple 
with  them  the  analogous  properties  of  the  surfaces  of  the 
second  degree. 

9.  It  is  surprising  that  the  elegance  of  M.  Magnus's  two 
propositions  has  not  yet  directed  the  attention  of  geometers 
to  researches  of  this  kind,  and  that  the  theory  of  the  spherical 
conies  has  yet  to  be  constructed,  although,  in  consequence  of 
the  duality  of  all  the  propositions  of  spherical  geometry,  it 
admits  perhaps  of  a  wider  extension  than  that  of  the  plane 
conic  sections. 

We  do  not,  indeed,  pretend  to  lay  before  the  reader  a  theory 
of  these  conies ;  but  we  propose  merely  to  state  a  certain 
number  of  those  among  their  properties  which  relate  to  the 
foci  and  to  the  cyclic  arcs,  and  which  result  immediately  from 
those  which  we  have  proved  relative  to  the  cones  of  the 
second  degree.  It  is  manifest  that  various  other  known  pro- 
perties of  the  cones  of  the  second  degree,  would  furnish,  in 
like  manner,  and  without  difficulty,  properties  of  the  spherical 
conies,  which  ought  to  find  a  place  in  a  treatise  on  these 
curves. 

10.  A  spherical  ellipse  and  a  spherical  hyperbola  have  each 
only  two  foci;  but  a  complete  spherical  conic  has  four  foci 
placed  at  the  extremities  of  two  diameters  of  the  sphere.  In 
the  theorems  relating  to  two  foci,  we  must  always  be  under- 
stood to  refer  to  two  foci  assumed  respectively  on  these 
two  diameters,  and  not  to  two  foci  assumed  upon  the  same 
diameter ;  for  the  two  foci  ought  to  belong  to  the  two  focal 
lines  of  the  cone  on  which  the  conic  is  traced. 

But  it  will  be  more  simple  to  suppose,  in  all  that  follows, 
that  the  conic  is  a  single  spherical  ellipse  or  hyperbola,  and 
to  consider  upon  the  sphere  only  the  hemisphere  on  which 
this  ellipse  or  hyperbola  is  traced;  by  this  means  we  shall 
avoid  all  ambiguity  ;  an  arc  of  a  great  circle  touching  the 
curve  will  have  only  one  point  of  contact  with  it,  whilst  it 
would  touch  it  in  two  points,  were  we  to  consider  the  com- 
plete conic ;  any  two  arcs  of  great  circles  will  intersect  in  only 
one  point,  since  we  consider  only  one-half  of  the  sphere  ;  for 
the  same  reason  three  arcs  of  great  circles  will  intersect  two 
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by  two  in  only  three  points,  and  will  form  but  a  single  spheri- 
cal triangle. 

As  we  shall  only  have  to  speak  of  ares  of  great  circles, 
we  may  be  allowed,  for  the  sake  of  brevity,  to  use  merely 
the  word  arc  ;  and  it  must  be  fully  understood  that  we  only 
mean  arcs  of  great  circles. 

We  shall  call  the  angle  formed  by  two  arcs  of  great  circles 
a  spherical  angle ;  their  point  of  intersection  will  be  the  vertex 
of  the  angle.  We  shall  call  every  arc  of  a  great  circle  passing 
through  the  focus  of  a  conic  a  vector  arc. 

The  properties  of  the  spherical  conies  which  we  are  about 
to  state  being  all  immediate  consequences  from  those  of  the 
cones  of  the  second  degree,  which  we  have  proved  in  the 
preceding  Memoir,  it  will  be  sufficient  to  give  the  enunciations 
of  them,  indicating,  in  the  case  of  each,  the  corresponding 
property  of  the  cones  of  the  second  degree  (a). 


SECTION  II. 

PROPERTIES  RELATING  TO  THE  TWO  CYCLIC  ARCS  OF  A 
SPHERICAL  CONIC  ;  AND  PROPERTIES  RELATING  TO  ITS 
TWO    FOCI. 

1 1 .  The  two  theorems  (20  «,)  lead  to  the  following  : 

Every  arc  of  a  great  circle  touch-         The  vector  arcs,  dravv'n  fi-om  the 

ing  a  spherical  conic  intersects  the  two  foci  of  a  spherical  conic  to  any 

two  cyclic  arcs  in  two  points,  which  point  on   the    curve,    make   equal 

are  equally  distant  from  the  point  angles  with  the  arc  of  a  great  circle 

of  contact  with  this  tangent  arc.  touching  the  conic  at  that  point. 

12.  Conversely, 

If  a  curve  traced  vipon  a  sphere  If  a  curve  traced  upon  a  sphere 
be  such  that  every  arc  of  a  gi-eat  be  such  that  the  arcs  of  great  circles, 
circle,  touching  the  curve  and  ter-  drawn  from  two  fixed  points  to  any 
minated  by  two  fixed  arcs  of  great  point  in  the  ciu've,  make  equal  angles 
circles,  is  bisected  at  the  point  with  the  arc  of  a  great  circle  touch- 
where  it  touches  the  curve,  this  ing  the  curve  at  that  point,  this 
curve  is  a  spherical  conic.  curve  is  a  spherical  conic. 

This  follows  from  the  two  theorems  (21  a.) 

13.  The  two  theorems  (22  a,)  lead  to  the  following,  of 
which  the  two  in  ISIo.  11  are  only  particular  cases  : 

Every  arc  of  a  great  circle  inter-  The  two  vector  arcs,  drawn  from 
sects  a  spherical  conic  in  two  points    the  two  foci  of  a  spherical  conic  to 

(a)  We  shall  use  numbers,  followed  by  the  letter  a,  in  referring  to  the 
paragraphs  of  the  preceding  Memoir. 
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which  are  equally  distant  from  the 
points  in  which  this  arc  respectively 
cuts  the  two  cyclic  arcs. 


the  point  of  intersection  of  two  arcs 
touching  the  curve,  respectively  make 
equal  angles  with  these  tangent 
arcs. 


14.  Theorems  (23  a,)  lead  to  the  following 


The  planes  of  two  arcs  touch- 
ing a  spherical  conic  intersect  the 
planes  of  the  two  cyclic  arcs  in  foiu* 
right  lines,  which  are  the  genera- 
trices of  a  right  cone  whose  axis  of 
revolution  is  perpendicular  to  the 
plane  of  the  great  circle  passing 
through  the  two  points  of  contact 
of  the  tangent  arcs. 


The  planes  of  foiu*  vector  arcs 
drawn  from  the  two  foci  of  a  sphe- 
I'ical  conic  to  any  two  points  of  the 
cui've  will  all  touch  the  same  right 
cone  whose  axis  of  revolution  is  the 
right  line  of  intersection  of  the  planes 
of  the  two  arcs  touching  the  conic  at 
these  two  points. 


15.  Theorems  (24  a,)  lead  to  the  following  : 


The  sum  or  the  difference  of  the 
angles  which  each  arc  touching  a 
spherical  conic  makes  with  the  two 
cyclic  arcs  is  constant. 


The  sum  or  the  difference  of  the 
vector  arcs  drawn  from  the  two  foci 
of  a  spherical  conic  to  any  point  of 
the  curve  is  constant. 


16.  Theorems  (25  a,)  lead  to  the  following 


Every  arc  of  a  great  circle  touch- 
ing a  spherical  conic  intersects  the 
two  cyclic  arcs  in  two  points,  such 
that  the  product  of  the  trigonome- 
tric tangents  of  the  semi-arcs  lying 
between  these  points  and  the  point 
of  intersection  of  the  two  cyclic 
arcs  is  constant. 


The  vector  arcs,  drawn  from  the 
two  foci  of  a  spherical  conic  to  any 
point  of  the  curve,  make,  with  the 
diametral  arc  which  joins  the  two 
foci,  two  angles,  such  that  the 
product  of  the  trigonometric  tan-' 
gents  of  their  halves  is  constant. 


17.  Theorems  (26  a,)  lead  to  the  following: 


In  every  spherical  conic  the  pro- 
duct of  the  sines  of  the  arcs  of  great 
circles  drawn  from  any  point  of  the 
curve  at  right  angles  with  the  two 
cyclic  arcs  is  constant. 


In  every  spherical  conic  the  pro- 
duct of  the  sines  of  the  arcs  of  great 
circles  drawn  from  the  two  foci  at 
right  angles  with  any  arc  touching 
the  curve  is  constant. 


18.  The  two  theorems  (28  a,  second  and  first  columns,) 
respectively  lead  to  the  two  following : 


A  spherical  conic  and  its  two 
cyclic  arcs  being  given,  if  one  ex- 
tremity of  an  arc  of  90"  traverse 
either  of  the  two  cyclic  arcs  whilst 
the  other  extremity  moves  along 
the  conic,  this  quadrantal  arc  will 
envelope  a  second  spherical  conic, 


If  from  the  foci  of  a  spherical 
conic  arcs  be  drawn  perpendicular 
to  the  arcs  touching  the  cm-ve,  their 
respective  points  of  intersection  with 
these  tangent  arcs  will  be  upon  a 
second  spherical  conic,  which  will 
have  a  double  contact  with  the  given 
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which  will  have  a  double   contact  one,  and  whose  cyclic  arcs  will  be 

with  the  given  one,  and  whose  foci  in  the  planes  perpendicular  to  the 

will  be  the  extremities  of  the  radii  radii     of  the    sphere    which    pass 

of  the  sphere  perpendicular  to  the  through  the  two  foci  of  the  given 

planes   of  the   cyclic    arcs    of  the  conic, 
given  conic. 

19.  The  two  theorems  (31  a,  second  and  first  columns,) 
respectively  lead  to  the  following : 


A  spherical  conic  and  one  of  its 
cyclic  arcs  being  given,  if  between 
this  arc  and  the  curve,  two  arcs  of 
90°  be  inserted,  and  from  their 
point  of  intersection  a  third  qua- 
drantal  arc  be  drawn  terminating  in 
the  arc  which  joins  those  two  ex- 
tremities of  the  two  former  ones 
which  lie  upon  the  conic,  this  ex- 
tremity of  the  third  arc  will  fall 
upon  the  second  cyclic  arc  of  the 
conic. 


If  from  a  focus  of  a  spherical 
conic  two  arcs  be  drawn  perpen- 
dicular to  two  arcs  touching  the 
curve,  and  if  the  feet  of  the  two 
perpendicular  arcs  be  joined  by  an 
arc  of  a  great  circle,  the  arc  drawn 
at  right  angles  with  this  latter  from 
the  point  of  concourse  of  the  two 
tangent  arcs  will  pass  through  the 
second  focus  of  the  curve. 


20.  Theorems  (32  a,)  lead  to  the  following : 


If  two  spherical  conies  have  the 
same  cyclic  arcs,  and  a  common 
tangent  arc  be  drawn  to  them,  the 
part  of  this  arc  intercepted  between 
the  two  points  of  contact  will  be  a 
quadrant. 


If  two  spherical  conies  which  have 
the  same  foci  intersect,  they  will  be 
at  right  angles  to  each  other  at 
each  point  of  intersection. 


SECTION    III. 


PROPERTIES  OF  THE  SPHERICAL  CONICS  RELATING  TO  A 
SINGLE  CYCLIC  ARC  ;  AND  PROPERTIES  RELATING  TO  A 
SINGLE  FOCUS. 

21.  If  through  any  point  on  the  surface  of  a  sphere  two  arcs 
of  great  circles  be  drawn  touching  a  spherical  conic,  the  arc 
of  a  great  circle  joining  the  two  points  of  contact,  may  be 
called  the  polar  arc  of  the  point  with  relation  to  the  conic  ; 
and  conversely,  this  point  will  be  called  the  pole  of  its  polar 
arc. 

From  the  properties  of  right  lines  and  polar  planes  in  cones 
of  the  second  degree  which  have  been  stated  (1  «,)  it  evidently 
follows,  that 

The  polar  arcs  of  all  the  points  of  any  arc  of  a  great 
circle,  with  relation  to  a  spherical  conic,  pass  all  of  them 
through  the  same  point,  which  is  the  pole  of  that  arc  ;  and 
conversely, 
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The  poles  of  all  the  arcs  of  great  circles  passing  through 
the  same  poijit,  taken  with  relation  to  a  spherical  conic,  are 
all  of  them  upon  the  same  arc  of  a  great  circle  ivhich  is  the 
polar  arc  of  the  fixed  point. 

To  the  polar  arcs  of  its  foci  we  give  the  name  of  director 
arcs  of  a  spherical  conic. 

22.  Hence,  the  two  theorems  (34,  «,)  lead  to  the  following  : 


In  every  spherical  conic,  the  sine 
of  the  angle  which  each  tangent  arc 
to  the  ciu've  makes  with  a  cyclic 
arc  has  a  constant  ratio  to  the  sine 
of  the  distance  of  this  tangent  arc 
from  the  pole  of  the  cyclic  arc. 


In  every  spherical  conic,  the  ratio 
of  the  sines  of  the  arcs  which  measvtre 
the  distances  of  each  point  on  the 
curve  from  a  focus  and  from  its  cor- 
responding director  arc  is  constant. 


23.  Theorems  (36,  «,)  lead  to  the  following  : 


Every  arc  touching  a  spherical 
conic,  and  the  arc  drawn  through 
its  point  of  contact  and  through  the 
pole  of  a  cyclic  arc  of  the  conic, 
meet  that  cyclic  arc  in  two  points 
the  distance  between  which  is  90". 


The  two  vector  arcs  drawn  from 
one  focus  of  a  spherical  conic  to 
any  point  of  the  curve  and  to  the 
point  where  its  tangent  arc  at  the 
former  point  meets  the  director 
arc,  are  always  at  right  angles. 


24.  Theorems  (37,  a,)  lead  to  the  following : 


Two  tangent  arcs  to  a  spherical 
conic,  and  the  arc  which  joins  their 
points  of  contact  with  the  curve,  in- 
tersect the  cyclic  arc  in  three  points, 
the  third  of  which  bisects  the  dis- 
tance between  the  first  two. 


The  vector  arcs  drawn  from  a 
focus  of  a  spherical  conic  to  two 
points  of  the  curve  make  equal 
angles  with  the  vector  arc  drawn  to 
the  point  of  intersection  of  the  two 
arcs  touching  the  conic  at  those  two 
points. 


25.   Theorems  (38,  «,)  lead  to  the  following  : 


Two  tangent  arcs  to  a  spherical 
conic,  and  the  arc  passing  through 
their  point  of  intersection  and 
through  the  pole  of  a  cyclic  arc, 
meet  that  arc  in  three  points  the 
third  of  which  bisects  the  distance 
between  the  other  two. 


The  vector  arcs  drawn  from  a 
focus  of  a  spherical  conic  to  two 
points  on  the  curve  make  equal 
angles  with  the  vector  arc  drawn 
to  the  point  in  which  the  arc  joining 
the  two  points  on  the  curve  meets 
the  director  arc. 


26.  Theorems  (39,  a,)  lead  to  the  following 


The  arc  passing  through  the  pole 
of  a  cyclic  arc  of  a  spherical  conic, 
and  through  the  point  of  inter- 
section of  two  arcs  touching  the 
curve,  and  the  arc  passing  through 
the  two  points  of  contact  of  these 
tangent  arcs,  meet  the  cyclic  arc  in 
two  points,  the  distance  between 
which  is  90°. 


The  two  vector  arcs  di'awn  from 
one  focus  of  a  spherical  conic  to 
the  point  of  intersection  of  two  arcs 
touching  the  curve,  and  to  the  point 
in  which  the  arc  passing  through 
the  two  points  of  contact  meets  the 
director  arc,  are  at  right  angles. 
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The  points  in  which  the  arc  join- 
ing the  two  points  of  contact  meets 
the  cycHc  arc,  and  the  arc  which  joins 
its  pole  with  the  point  of  concourse 
of  the  two  tangent  arcs,  are  harmonic 
conjugates  with  relation  to  the  two 
points  of  contact. 


The  two  arcs  passing  through  the 
point  of  concoui'se  of  the  two  tan- 
gent arcs,  and  passing,  the  one 
through  the  focus  of  the  conic,  and 
the  other  through  the  point  in  which 
the  arc  which  joins  the  two  points 
of  contact  meets  the  director  arc, 
are  harmonic  conjugates  with  re- 
lation to  the  two  tangent  arcs. 


27.  The  two  theorems  (40,  a,)  lead  to  the  following: 


If  through  a  point  assumed  upon 
a  cyclic  arc  of  a  spherical  conic  two 
arcs  be  drawn  touching  the  conic, 
the  arc  joining  the  two  points  of 
contact  will  meet  the  cyclic  arc  in  a 
point  whose  distance  from  the  for- 
mer is  90°. 


If  through  a  focus  of  a  spherical 
conic  a  transversal  arc  be  drawn,  its 
pole  with  relation  to  the  conic  will 
be  upon  the  director  arc,  and  the 
arc  drawn  from  the  focus  to  this 
pole  will  be  perpendicular  to  the 
transversal  arc. 


28.  Theorems  (41,  «,)  lead  to  the  following  : 


When  a  spherical  quadrilateral  is 
inscribed  in  a  spherical  conic,  the 
portion  of  a  cyclic  arc  of  the 
conic  included  between  two  ad- 
jacent sides  of  the  quadi'ilateral  is 
supplemental  to  the  arc  included  be- 
tween the  two  other  sides. 


When  a  spherical  quadrilateral  is 
circumscribed  about  a  spherical 
conic,  the  angle  between  the  two 
vector  arcs  drawn  from  one  focus 
to  two  adjacent  vertices  of  the 
quadrilateral  is  supplemental  to 
the  angle  between  the  two  vector 
arcs  drawn  to  the  two  other  ver- 
tices. 


29.  Theorems  (42,  a,)  lead  to  the  following 


If  through  two  fixed  points  on  a 
spherical  conic  two  arcs  be  drawn 
which  intersect  in  any  third  point 
of  the  curve,  the  segment  which 
they  will  intercept  upon  a  cyclic 
arc  will  be  of  invariable  magnitude. 

This  segment  will  be  a  quadrant, 
if  the  arc  which  joins  the  two  fixed 
points  passes  through  the  pole  of  the 
cyclic  arc. 


Two  fixed  arcs  being  drawn 
touching  a  spherical  conic,  and  any 
third  tangent  arc  intersecting  the 
two  former  in  two  points,  the  vector 
arcs  drawn  from  a  focus  of  the  conic 
to  these  two  points  will  contain  be- 
tween them  a  constant  angle. 

This  angle  will  be  right,  if  the 
point  of  concourse  of  the  two  fixed 
tangent  arcs  be  upon  the  director 
arc  corresponding  to  the  focus. 


30.  The  two  theorems  (43,  a,)  lead  to  the  following 


If  through  the  two  vertices  which 
are  at  the  extremities  of  the  least  dia- 
metral arc  of  a  spherical  ellipse  two 
arcs  be  drawn  intersecting  in  any 
third  point  of  the  curve,  the  segment 
intercepted  between  these  two  arcs 
upon  acyclic  arc  will  be  a  quadrant. 


Every  arc  touching  a  spherical 
conic  cuts  the  arcs  touching  the 
curve  at  the  two  vertices  which 
are  at  the  extremities  of  its  greatest 
diametral  arc  in  two  points  such 
that  the  two  vector  arcs  drawn  from 
a  focus  to  these  twf)  points  are  at 
right  angles. 
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31.  Theorems  (44,  a,)  lead  to  the  following 


If  upon  a  cyclic  arc  of  a  spherical 
conic  a  segment  of  given  magnitude 
be  arbitrarily  assumed,  and  through 
one  of  its  extremities  and  a  fixed 
point  of  the  curve  an  arc  be  drawn 
meeting  the  curve  in  a  second  point, 
the  arc  drawn  through  this  second 
point  and  tlirough  the  other  extre- 
mity of  the  segment  will  pass  through 
a  fixed  point  on  the  conic. 


If  round  a  focus  of  a  spherical 
conic,  as  vertex,  a  spherical  angle  of 
invariable  magnitude  be  made  to 
turD,and  through  the  point  where  one 
of  its  sides  meets  a  fixed  arc  touch- 
ing the  curve,  a  second  tangent  arc 
be  drawn,  this  arc  will  meet  the 
second  side  of  the  angle  in  a  point 
the  geometric  locus  of  which  will 
be  an  arc  touching  the  conic. 


32.  Theorems  (45,  «,)  lead  to  the  follow  ing : 


If  through  a  point  assumed  arbi- 
trarily on  a  cyclic  arc  of  a  spherical 
conic  two  arcs  be  drawn  touching 
the  cm-ve,  the  sum  of  the  trigono- 
metric co-tangents  of  the  angles 
which  they  make  with  the  cyclic  arc 
will  be  constant. 


If  through  a  focus  of  a  spherical 
conic  an  arc  be  drawn  arbitrarily 
meeting  it  in  two  points,  the  sum  of 
the  trigonometric  co-tangents  of  the 
arcs  lying  between  the  foci  and 
these  two  points  will  be  constant. 


SECTION  IV. 

GEOMETRIC    LOCI    RELATING    TO    THE    CYCLIC    ARCS    AND    TO 
THE    FOCI    OF    THE    SPHERICAL    CONICS. 

33.  Theorems  (46  «,)  lead  to  the  following- : 


If  the  sides  of  a  spherical  angle 
of  variable  magnitude  pass  always 
through  two  fixed  points  on  the  sur- 
face of  a  sphere,  whilst  the  segment 
intercepted  between  its  sides  upon 
an  arc  of  a  given  great  circle  is  of 
a  constant  length,  the  vertex  of  this 
angle  will  generate  a  spherical  conic 
which  will  have  the  fixed  arc  for  a 
cyclic  arc,  and  which  will  pass 
through  the  two  fixed  points. 


Two  fixed  arcs  and  a  point  being 
given  on  a  sphere,  if  round  this 
point  as  vertex  a  spherical  angle  of 
invariable  magnitude  be  made  to 
turn,  and  if  the  two  points  in  which 
its  sides  respectively  meet  the  two 
fixed  arcs  be  joined  by  an  arc  of  a 
great  circle,  this  arc  will  envelope  a 
spherical  conic  which  will  have  the 
fixed  point  for  a  focus,  and  which 
will  touch  the  two  fixed  arcs. 


34.  Theorems  (47  «,)  lead  to  the  following 


If  two  tangent  arcs  be  drawn  to  a 
spherical  conic  so  that  the  segment 
intercepted  between  them  upon  a 
cyclic  arc  of  the  conic  may  be  of  a 


If  an  angle  of  invariable  magni- 
tude be  made  to  tm'n  round  a  focus 
of  a  spherical  conic  as  vertex,  the  arc 
joining  the  two  points  in  which  its 
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constant  length,  the  geometric  locus 
of  the  point  of  concourse  of  these 
two  arcs  will  be  a  second  spherical 
conic. 

The  arc  joining  the  two  points 
of  contact  of  these  two  arcs  with  the 
given  conic  will  envelope  a  third 
conic. 

The  cyclic  arc  in  question  will  be 
a  cyclic  arc  of  the  two  new  conies, 
and  this  arc  will  have  the  same  pole 
with  relation  to  the  three  conies. 


sides  meet  the  curve  will  envelope 
a  second  conic. 


The  tangent  arcs  to  the  given 
conic  at  these  two  points  will  inter- 
sect upon  a  third  conic. 

The  focus  in  question  will  also  be 
a  focus  of  the  two  new  conies,  and 
the  corresponding  director  arc  will 
be  the  same  in  the  three  conies. 


35.  Theorems  (48,  a,)  lead  to  the  followhig  : 


If  round  a  fixed  point  assumed  on 
a  spherical  conic  a  spherical  angle 
of  variable  magnitude  be  made  to 
turn,  whose  sides  intercept  upon  a 
cyclic  arc  of  the  curve  a  segment  of 
a  constant  length,  the  arc  joining  the 
two  points  in  which  the  sides  of  this 
angle  meet  the  conic  will  envelope 
a  second  conic  ;  the  cyclic  arc  upon 
which  the  segments  are  measured 
will  be  a  cyclic  arc  of  the  new  conic, 
and  it  will  have  the  same  pole  in 
the  two  curves. 


If  round  a  focus  of  a  spherical 
conic  as  vertex  a  spherical  angle  of 
invariable  magnitude  be  to  turn, 
and  through  the  two  points  in  which 
its  sides  meet  a  fixed  arc  touching 
the  conic  two  arcs  be  drawn  touch- 
ing the  curve,  the  point  of  concourse 
of  these  two  arcs  will  generate  a 
second  conic ;  the  focus  of  the 
given  conic  will  also  be  a  focus  of 
the  new  conic,  and  the  corresponding 
director  arc  will  be  the  same  in  the 
two  curves. 


36.  Theorems  (49,  a,)  lead  to  the  following 


A  spherical  conic  and  a  fixed  arc 
arbitrarily  drawn  being  given,  if 
two  tangent  arcs  to  the  conic  be 
drawn  so  that  the  segment  inter- 
cepted between  them  on  the  given 
arc  may  be  a  quadrant,  the  point  of 
concourse  of  these  two  arcs  will 
generate  a  second  conic  which  will 
have  the  given  arc  for  a  cyclic  arc. 

This  arc  will  have  the  same  pole 
in  the  two  conies. 

37.  If  the  fixed  arc  he  one  of  the 
principal  diametral  arcs  of  the  conic, 
the  theorem  may  he  thus  stated : 

If  a  variable  spherical  angle,  cir- 
cumscribed about  a  spherical  conic, 
move  so  that  the  segment  inter- 
cepted between  its  sides  upon  a 
principal  diametral  arc  of  the  conic 
may  always  be  a  quadrant,  the 
vertex  of  this  angle  will  generate  a 
»mall  circle  of  the  sphere. 


A'spherical  conic  and  a  fixed  point 
arbitrarily  assumed  on  the  sphere 
being  given,  if  rovmd  this  point  as 
vertex  a  right  spherical  angle  be 
made  to  turn,  and  if  the  points  in 
which  its  sides  meet  the  conic,  taken 
two  by  two,  be  joined  by  four  arcs, 
these  four  arcs  will  envelope  a 
second  conic  of  which  the  fixed  point 
will  be  a  focus. 

This  point  will  have  the  same 
polar  arc  in  the  two  curves. 

If  the  fixed  point  he  the  centre 
of  the  conic,  the  theorem  may  he  thus 
stated  : 

If  a  right  spherical  angle  turn 
round  the  centre  of  a  spherical  conic 
as  vertex,  the  arc  joining  the  points 
in  which  its  two  sides  meet  the 
curve  will  envelope  a  small  circle  of 
the  sphere. 
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This  is  also  a  consequence  from  the  two  theorems  (50,  a.) 
38.  The  two  theorems  (51,  a,)  lead  to  the  following  : 


If  round  two  fixed  points  on  a 
spherical  conic  two  arcs  be  made  to 
turn  intersecting  in  any  third  point 
of  the  curve,  these  arcs  will  re- 
spectively meet  the  two  cyclic  arcs 
of  the  conic  in  two  points,  and  the 
arc  joining  these  two  points  will 
envelope  a  spherical  conic  touching 
these  two  cyclic  arcs. 


Two  fixed  tangent  arcs  being  drawn 
to  a  spherical  conic,  any  third  tan- 
gent arc  will  intersect  them  in  two 
points,  and  the  arcs  respectively 
drawn  through  these  points  and 
through  the  two  foci  of  the 
conic  will  intersect  in  a  point  the 
geometric  locus  of  which  will  be  a 
spherical  conic  passing  through  the 
two  foci  of  the  given  one. 


39.  Theorems  (52,  a,)  lead  to  the  following  : 


If  round  two  fixed  points  two 
arcs  be  made  to  turn,  containing  be- 
tween them  a  right  angle,  their 
point  of  intersection  will  generate  a 
spherical  conic  passing  through  the 
two  fixed  points,  and  whose  cyclic 
arcs  will  be  in  the  two  planes  per- 
pendicular to  the  radii  of  the  sphere 
drawn  to  the  two  fixed  points. 


If  the  extremities  of  an  arc  of  90° 
move  along  the  sides  of  any  given 
spherical  angle,  this  moveable  arc 
will  envelope  a  spherical  conic  which 
will  touch  the  two  sides  of  the  angle, 
and  whose  foci  will  be  the  extremi- 
ties of  the  radii  of  the  sphere  per- 
pendicular to  the  planes  of  these 
sides. 


40.  Theorems  (53,  «,)  lead  to  the  following 


Two  fixed  arcs  being  given  upon 
a  sphere,  if  a  point  be  sought  such 
that  the  product  of  the  sines  of  its 
distances  from  the  two  fixed  arcs 
may  be  constant,  the  geometric 
locus  of  this  point  will  be  a  spheri- 
cal conic  whose  cyclic  arcs  will  be 
the  two  giren  arcs. 


Two  fixed  points  being  given  upon 
a  sphere,  if  an  arc  be  drawn  such 
that  the  product  of  the  sines  of  its 
distances  from  these  two  points 
may  be  constant,  this  arc  will 
envelope  a  spherical  conic  whose 
foci  will  be  the  two  given  points. 


41.  Theorems  (54,  a,)  lead  to  the  following  : 


An  arc  and  a  point  being  given 
upon  a  sphere,  if  an  arc  be  sought 
such  that  the  sine  of  the  angle  which 
it  makes  with  the  given  arc,  and  the 
sine  of  its  distance  from  the  given 
point,  may  have  a  constant  ratio, 
this  arc  will  envelope  a  conic  which 
will  have  the  given  arc  for  a  cyclic 
arc  ;  and  the  given  point  will  be,  with 
relation  to  this  conic,  the  pole  of 
that  cyclic  arc. 

42.  If  in  the  second  theorem   the  ratio   of  the  sines  be  one 
of  equality,  we  infer  from  it,  that 


A  point  and  an  arc  being  given 
upon  a  sphere,  if  a  point  be  sought 
such  that  the  sines  of  its  distances 
from  the  given  point  and  arc  may 
have  a  constant  ratio,  the  geometric 
locus  of  this  point  will  be  a  conic  of 
which  the  given  point  will  be  a  focus ; 
and  the  given  arc  will  be  the 
director  arc  corresponding  to  that 
focus. 
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The  spherical  curve  every  point  of  which  is  equi-distant 
from  a  given  point  and  from  a  given  arc  of  a  great  circle  is 
a  conic  having  this  point  and  arc  for  a  focus  and  its  cor- 
responding director  arc. 


SECTION  V. 

PROBLEMS  RELATING  TO  THE  CYCLIC  ARCS  AND  TO  THE 
rOCI  OF  THE  SPHERICAL  CONICS  ;  AND  GENERAL  PRO- 
PERTIES OF  SPHERICAL  TRIANGLES  AND  QUADRILATE- 
RALS. 

43.  When  a  cyclic  arc  of  a  sphe-         When  a  focus  of  a  spherical  conic 

rical  conic  is  given,  only  three  other  is  given,  only  three  other  conditions 

conditions  are  required  in  order  to  are  required  in  order  to  determine 

determine  the  curve.  the  curve. 

This  is  a  consequence  of  what  we  have  said  with  reference 
to  cones  of  the  second  degree  {pQ^  a.) 

44.  Theorems  (57,  a,)  lead  to  the  following  : 

A  cyclic  arc  and  two  points  of  a  A  focus  and  two  tangent  arcs  to 

spherical    conic    being    given,   the  a  spherical  conic  being  given,  the 

pole  of  this  cyclic  arc  lies  upon  the  director  arc  corresponding  to  that 

arc  which  passes  through  the  two  focus  passes  through  the  point  of 

following  points :  intersection    of  the    two   following 

arcs  : 

1.  The  point  which  is,  with  rela-  1.  The  arc  which  passes  through 
tion  to  the  two  given  points,  the  the  point  of  concourse  of  the  two 
harmonic  conjugate  of  that  in  which  given  tangents,  and  which  is  the 
the  arc  joining  these  two  points  harmonic  conjugate,  with  relation 
meets  the  given  cyclic  arc.  to  these  two  arcs,  of  the  arc  drawn 

through  this  point  of  concourse  and 
through  the  given  focus. 

2.  The  point  on  the  cyclic  arc  2.  The  arc  drawn  through  this 
which  is  90"  distant  from  that  in  focus  perpendicular  to  this  latter 
which  this  arc  meets  the  arc  joining  arc  joining  the  focus  with  the  point 
the  two  given  points.  of  concourse  of  the  two  tangent  arcs. 

4.5.  Theorems  (58,  a,)  lead  to  the  following  : 

A  cyclic  arc  and  two  tangent  arcs  A   focus  and    two    points   on   a 

to  a  spherical  conic  being  given,  spherical  conic  being  given. 

The  pole  of  that  cyclic  arc   lies  The  director  arc   corresponding 

upon   the   arc   drawn  through  the  to  tliat   focus   passes   through   the 

point  of  concourse  of  the  two  tan-  point  in  which  the  arc  joining  the 

gent  arcs  and  through  the  middle  two  given  points  meets  the  vector 

of  the  arc    (or  the  supplement   of  arc  which  bisects  the  angle  (or  the 

the  arc)  intercepted  upon  this  cyclic  supplement  of  the  angle)  contained 
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arc  between  the  two  given  tangent     between  the  two  vector  arcs  drawn 
arcs.  from  the  given   focus   to   the  two 

points  on  the  conic. 

46.  The  two  theorems  (44,)  respectively   contain   the  so- 
lutions of  the  two  following  problems  : 

Problem Given  three  points  and         Problem — Given    three    tangent 

a  cyclic  arc  of  a  spherical  conic,  to  arcs  and  a  focus  of  a  spherical  conic, 

determine  the   pole   of  this    cyclic  to  determine  the  director  arc  corres- 

arc.  ponding  to  this  focus. 

47.  The  two  theorems  (45,)  in  like  manner  enable  us  to 
resolve  the  two  following  problems,  each  of  which  admits  of 
four  solutions  : 

Problem Given    three   tangent         Problem Given   three    tangent 

arcs  and  a  cyclic  arc  of  a  spherical  arcs  and  a  focus  of  a  spherical  conic, 

conic,  to  determine  the  pole  of  this  to  determine  the  director  arc  cor- 

cyclic  arc.  responding  to  that  focus. 

48.  We  have  just  seen  (46,)  that 

A  spherical  triangle  being  given,  A  spherical  triangle  being  given, 

and  also  any  arc  of  a  great  circle,  and  also   a  fixed  point    upon    the 

this  arc  may  he  considered  as  a  cyclic  sphere,  this  point  may  be  considered 

arc  of  a    spherical    conic    passing  as   the  focus   of  a  spherical   conic 

through  the  three    vertices    of   the  touching  the  three  sides  of  the  tri- 

triangle.  angle. 

This  remark  will  aid  us  in  the   proof  of  some  general  pro- 
perties of  spherical  triangles  and  quadrilaterals. 

49.  Theorems  (13,)  lead,   as  appears  from  what  we  have 
just  said,  to  the  two  following  properties  of  spherical  triangles: 


If  a  spherical  triangle  and  a  trans- 
versal arc  be  given,  and  upon  each 
side  of  the  triangle  a  point  be  as- 
sumed whose  distance  from  one  ex- 
tremity of  that  side  is  equal  to  the 
distance  of  the  other  extremity 
from  the  point  in  which  the  trans- 
versal arc  meets  the  side,  the  three 
points  thus  determined  upon  the 
three  sides  of  the  triangle  will  lie 
upon  the  same  arc  of  a  great 
circle. 


A  spherical  triangle  being  given, 
if  through  a  fixed  point  an  arc  be 
drawn  to  each  vertex  of  the  triangle, 
and  through  that  vertex  a  second 
arc  be  drawn  which  makes  with  one 
of  the  adjacent  sides  of  the  triangle 
an  angle  equal  to  that  which  the 
first  arc  makes  with  the  other  side, 
the  three  arcs  thus  drawn  will  pass 
through  the  same  point. 
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This  arc  and  the  given  transversal 
arc  will  be  the  cyclic  arcs  of  a  conic 
circumscribed  about  the  spherical 
triangle. 

50.  This  theorem  furnishes  the 
solution  of  the  following 

Problem Given     three     points 

and  a  cyclic  arc  of  a  spherical  conic, 
to  determine  the  second  cyclic  arc 
of  this  curve. 


This  point  and  the  given  point 
will  be  the  foci  of  a  spherical  conic 
inscribed  in  the  given  triangle. 

This  theorem  furnishes  the  so- 
lution of  the  folloiving 

Problem Given   three   tangent 

arcs  and  a  focus  of  a  spherical  conic, 
to  determine  the  second  focus  of 
this  curve. 


51.  Theorems  (18)  lead  to  the  two  following  properties  of 
spherical  triangles : 


A  spherical  triangle  and  a  trans- 
versal arc  being  given,  if  upon  this 
arc  three  points  be  assumed  which 
are  respectively  distant  by  90"  from 
the  three  vertices  of  the  triangle,  and 
these  points  be  connected  with  the 
three  vertices  by  three  arcs,  if  we  now 
describe  a  conic  touching  these  last 
three  arcs  and  having  for  its  focus 
the  extremity  of  the  radius  of  the 
sphere  perpendicular  to  the  plane  of 
the  given  transversal  arc,  and 
through  the  vertices  of  the  given 
triangle  draw  three  new  arcs  touch- 
ing this  conic,  and  if  we  assume 
upon  these  arcs  three  points  res- 
pectively distant  by  90"  from  the 
vertices,  these  three  points  will  be 
upon  the  same  arc  of  a  great  circle. 

This  arc  will  be  in  the  plane  per- 
pendicular to  the  radius  of  the 
sphere  drawn  to  the  second  focus  of 
the  conic. 


If  from  a  point  assumed  arbi- 
trarily upon  a  sphere  three  arcs  be 
drawn  perpendicular  to  the  three 
sides  of  a  spherical  triangle,  and 
through  the  feet  of  these  perpen- 
diculars a  spherical  conic  be  made 
to  pass,  which  has  for  a  cyclic  arc 
the  great  circle  contained  in  the 
plane  perpendicular  to  the  radius  of 
the  sphere  drawn  to  the  given  point, 
this  conic  will  meet  the  three  sides 
of  the  triangle  in  three  new  points 
such  that  the  arcs  drawn  through 
these  points  and  respectively  perpen- 
dicular to  the  three  sides  will  pass 
through  the  same  point. 


This  point  will  be  the  extremity  of 
the  radius  perpendicular  to  the 
plane  of  the  second  cyclic  arc  of  the 
conic. 


52.  Theorems   (19)  lead  to  the   two  following  properties 
of  spherical  triangles : 


A  triangle  and  an  arc  of  a  great 
circle  being  traced  upon  a  sphere, 
if  through  each  vertex  of  the  tri- 
angle an  arc  of  90"  be  drawn  termi- 
nated by  the  given  arc,  the  three 
arcs  tlms  drawn  will  form  a  second 
spherical  triangle  ;  if  through  the 
vertices  of  this  new  triangle  three 
arcs  of  90"  be  drawn,  respectively 
terminated  by  the  three  opposite 
sides  of  the  first  triangle,  the  ex- 
tremities of  these  three  arcs  will  lie 
upon  the  same  arc  of  a  great  circle. 


If  from  a  point  assumed  upon  a 
sphere  arcs  be  drawn  perpendicular 
to  the  three  sides  of  a  spherical  tri- 
angle, their  feet  will  be  the  three 
vertices  of  a  new  triangle  inscribed 
in  the  fii-st  ;  and  if  from  the  ver- 
tices of  the  first  triangle  arcs  be 
drawn  respectively  perpendicular  to 
the  opposite  sides  of  the  second  tri- 
angle, these  three  arcs  will  pass 
through  the  same  point. 


/ 
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53.  The  two  theorems  (67  a,)  lead  to  the  following  : 

c  «a% 


%, 


If  about  a  spherical  conic  any 
number  of  spherical  triangles  be 
circimiscribed,  and  as  many  spheri- 
cal conies  be  circumscribed  about 
these  triangles,  having  all  of  them 
for  a  common  cyclic  arc  a  fixed 
tangent  arc  to  the  given  conic,  all 
these  curves  will  pass  through  the 
same  point. 


If  in  a  spherical  conic  jfriy  num- 
ber of  spherical  triangles  be  m- 
scribed,  and  as  many  spherical  co^ 
nics  be  inscribed  in  these  triangles,  . 
having  all  of  them  for  a  common 
focus,  a  fixed  point  on  the  given 
conic,  all  these  curves  -will  touch 
the  same  arc  of  a  great  circle. 


54.    From  the  two  theorems  (68  «,)  we  deduce  the  fol- 
lowune" : 


O 


A  spherical  conic  being  given,  if 
any  spherical  triangle  be  circum- 
scribed aboiit  it,  and  if  upon  a  fixed 
arc  touching  the  conic  three  points 
be  assumed  such  that  the  arcs  res- 
pectively drawn  from  these  points 
to  the  three  vertices  of  the  triangle 
may  be  quadrants  ;  and  if  we  fur- 
ther suppose  a  conic  to  be  described 
touching  these  three  arcs,  and  hav- 
ing for  its  focus  the  extremity  of 
the  radius  of  the  sphere  perpendicu- 
lar to  the  plane  of  the  fixed  arc,  this 
new  conic  will  always  touch  the 
same  arc  of  a  great  circle,  whatever 
be  the  triangle  circumscribed  about 
the  given  conic. 


If  from  a  fixed  point  assumed 
upon  a  spherical  conic,  three  arcs 
be  drawn  perpendicular  to  the  sides 
of  a  spherical  triangle  inscribed  in 
the  conic,  and  if  through  the  feet  of 
these  perpendiculars  a  spherical 
conic  be  made  to  pass,  having  for 
a  cycUc  arc  the  arc  of  a  great 
circle  lying  in  the  plane  perpendi- 
cular to  the  radius  of  the  sphere 
drawn  to  the  fixed  point  on  the 
given  conic,  this  new  conic  will  al- 
ways pass  through  a  fixed  point, 
whatever  be  the  triangle  inscribed 
in  the  given  conic. 


b6.  The  two  theorems  (69  «,)  lead  to  the  two  following 
general  properties  of  spherical  quadrilaterals  : 


A  spherical  qviadrilateral  being 
given,  its  sides,  taken  three  by  three, 
will  form  four  triangles  ;  if  through 
the  vertices  of  each  of  these  tri- 
angles three  quadrantal  arcs  be 
drawn,  terminated  by  the  same 
given  arc  of  a  great  circle,  and  if  a 
conic  be  described,  touching  these 
three  arcs,  and  having  for  a  focus 
the  extremity  of  the  radius  of  the 
sphere  perpendicular  to  the  plane 
of  the  given  great  circle,  the  four 
conies  thus  determined  will  all 
touch  the  same  arc  of  a  great 
circle. 


A  spherical  quadrilateral  being 
given,  its  four  vertices,  taken  three 
by  three,  will  determine  fom-  tri- 
angles ;  if  from  a  fixed  point  arcs  be 
drawn  perpendicular  to  the  three 
sides  of  each  of  these  triangles, 
and  if  through  the  three  points  in 
which  these  arcs  respectively  meet 
the  sides,  a  spherical  conic  be  made 
to  pass,  having  one  of  its  cyclic 
arcs  in  the  plane  perpendicular  to 
the  radius  of  the  sphere  which  is 
drawn  to  the  given  fixed  point,  the 
four  conies  thus  deteimiined  will  all 
pass  through  the  same  point. 
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SECTION  VI. 


ORGANIC  DESCRIPTION  OF  THE  SPHERICAL  CONICS. 


56.  The  two  theorems  (71  «,)  relating  to  the  description  of 
the  cones  of  the  second  degree,  respectively  lead  to  the  two 
following  : 


If  any  two  spherical  angles,  each 
of  invariable  magnitude,  turn  round 
two  fixed  points  as  vertices,  so  that 
two  of  their  sides  intersect  on  a 
given  fixed  arc,  the  point  of  inter- 
section of  their  two  other  sides  will 
generate  a  spherical  conic  which 
will  pass  through  the  two  fixed  ver- 
tices of  the  moveable  angles. 


If  along  two  given  fixed  arcs  any 
two  segments,  each  of  invariable 
magnitude,  be  made  to  move, 
that    the    arc  joining    two   of 


so 


their  extremities  may  turn  round 
a  fixed  point,  the  arc  joining  their 
two  other  extremities  will  envelope 
a  conic  which  will  touch  the  two 
fixed  arcs  along  which  the  two  seg- 
ments move. 


The  first  of  these  two  theorems  is  exactly  analogous  to  that 
of  Newton,  relative  to  the  organic  description  of  the  plane 
conic  sections. 


57.   Prohlem Given  five  points 

of  a  spherical  conic,  to  determine  all 
the  other  points  of  the  curve  by  the 
movement  of  two  spherical  angles 
round  their  vertices. 

Let  A,  B,  c,  D,  E,  he  the  five 
given  points  ;  let  us  take  the  first 
two  A,  B,  for  the  vertices  of  the 
two  moveable  angles,  and  these 
angles  will  he  (cab),  (cba). 


Now  let  these  angles  he  turned 
round  their  vertices  a,  b,  so  that 
their  sides  ca,  cb,  may  pass  at  the 
same  time  through  the  point  D,  and 
again  through  the  point  e  ;  their 
two  other  sides,  which  originally 
coincided  with  the  arc  ab,  ivill  suc- 
cessively   intersect    in    two    points 


Prohlem Given     five     tangent 

arcs  to  a  spherical  conic,  to  deter- 
mine all  the  other  tangent  arcs  of 
the  curve  by  the  movement  of  two 
arcs  along  the  circumferences  of 
two  great  circles. 

Let  A,  b,  c,  d,  e,  be  the  five 
given  arcs ;  let  us  take  the  circwn- 
ferences  of  the  great  circles  to  lohick 
the  first  two,  a,  b,  belong,  for  those 
along  which  the  two  moveable  arcs 
are  to  he  measured ;  the  third  arc  c, 
produced  if  necessary,  icill  meet  the 
first  two  A,  b,  in  tivo  points,  and 
the  arcs  included  between  these  tivo 
points  and  the  point  of  intersection 
of  K  and  v,  will  he  the  two  moveable 
arcs. 

Now  let  these  two  arcs  he  moved 
along  their  circumference!',  so  that 
their  extremities,  which  before  were 
placed  upon  the  arc  c,  may  be  upon 
the  arc  d,  and  again  upon  the  arc 
E ;  their  two  other  extremities, 
xuhich  originally  coincided  with  the 
point  of  intersection  of  the  two  arcs 
A,  B,  will  successively  determine  two 
arcs  d',  e'. 
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Let  the  point  of  intersection  of  Let  the  arc  joining  the  same  two 
the  same  two  sides  traverse  the  arc  extremities  turn  round  the  point  of 
of  a  great  circle  determined  by  intersection  of  these  two  arcs  d',  e'  ; 
the  two  points  d',  e'  ;  the  point  of  the  arc  joining  the  tioo  other  ex- 
intersection  of  the  two  other  sides  tremities  of  the  tivo  moveable  arcs 
will  generate  the  required  conic,  as  will  envelope  the  required  conic,  as 
appears  from  the  preceding  theo-  appears  from  the  preceding  theo- 
rem, rem. 


SECTION    VII. 

PROPERTIES     OF    THE    PLANE     CONIC    SECTIONS     DEDUCED    AS 
CONSEQUENCES  FROM  THOSE  OF  THE  SPHERICAL  CONICS." 

58.  We  have  stated  (8),  that  from  the  propositions  relative 
to  the  spherical  conies,  contained  in  this  memoir,  we  might 
deduce  a  very  great  number  of  the  properties  of  the  foci  of 
the  plane  conic  sections,  and  some  properties  of  the  asymp- 
totes of  the  hyperbola. 

For  this  purpose,  it  is  sufficient  to  suppose  that  the  centre  of 
the  sphere  recedes  to  an  infinite  distance  upon  the  radius  which 
passes  through  the  centre  of  the  spherical  conic.  This  curve 
will  degenerate  into  a  plane  conic  which  will  be  an  ellipse  or 
a  hyperbola ;  and  the  properties  of  the  foci  of  the  spherical 
conies  will  become  those  of  the  plane  conies. 

In  the  case  where  the  conic  becomes  a  hyperbola,  the  cyclic 
arcs  will  becometwo  fixed  right  lines  drawn  through  the  centre 
of  the  curve ;  and  the  properties  of  the  cyclic  arcs  will  apply 
to  these  two  right  lines,  which  each  of  these  properties  leads 
us  to  recognize  as  the  asymptotes  of  the  hyperbola. 

59.  We  shall  state  the  various  theorems  which  may  be  de- 
duced in  this  way  from  the  properties  of  the  spherical  conies ; 
at  the  end  of  each  we  shall  refer  to  the  number  of  the  theorem 
from  which  it  is  a  consequence.  First,  we  shall  give  those 
which  relate  to  the  foci,  and  afterwards  those  which  relate  to 
the  asymptotes. 

These  two  classes  of  theorems  which  are  thus  found  to  have 
a  common  origin,  present  a  remarkable  connexion  between  the 
properties  of  the  foci  and  those  of  the  asymptotes  ;  properties 
so  different  both  in  their  statement  and  in  the  proofs  usually 
given  of  them.  When  discussing  the  new  properties  of  the 
conic  sections  of  which  we  have  spoken  (8),  we  mean  to  shew 
how  close  a  relation  subsists  in  other  respects  between  the  foci 
of  the  conic  sections  and  the  asymptotes  of  the  hyperbola. 
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I. 

GENERAL  PROPERTIES  OF  THE  TWO  FOCI  OF    THE  PLANE    CO- 
NIC SECTIONS  CONSIDERED    SIMULTANEOUSLY. 

1 .  The  radii  vectores  drawn  from  the  two  foci  to  any  point 
of  the  conic  section  make  equal  angles  with  the  tangent  at  that 
point  (11). 

2.  Conversely  :  If  a  curve  be  such  that  the  radii  vectores 
drawn  from  two  fixed  points  to  each  point  on  it  make  equal 
angles  with  the  tangent  at  that  point,  the  curve  is  a  conic 
section  (12). 

3.  The  two  radii  vectores  drawn  from  the  two  foci  of  a  conic 
section  to  the  point  of  concourse  of  two  tangents  respectively 
make  equal  angles  with  those  tangents  (13). 

4.  The  four  radii  vectores  drawn  from  the  two  foci  of  a  conic 
section  to  any  two  points  on  it  are  tangents  to  the  same  circle, 
whose  centre  is  the  point  of  concourse  of  the  tangents  to  the 
conic  section  at  those  two  points  (14). 

5.  The  sum  or  the  difference  of  the  two  radii  vectores  drawn 
from  the  two  foci  of  a  conic  section  to  any  point  on  it  is  con- 
stant (15). 

6.  The  product  of  the  trigonometric  tangents  of  the  semi- 
angles,  which  the  two  radii  vectores,  drawn  from  the  two 
foci  of  the  conic  section  to  any  point  on  it,  make  with  its  major 
axis,  is  constant  (16). 

7.  The  rectangle  under  the  perpendiculars  let  fall  from  the 
two  foci  of  a  conic  section  on  each  tangent  to  the  curve  is  con- 
stant (17). 

8.  The  locus  of  the  feet  of  the  perpendiculars,  let  fall  from  the 
two  foci  of  a  conic  section  upon  its  tangents,  is  a  circle  (18). 

9.  If  from  a  focus  of  a  conic  section  perpendiculars  be  let  fall 
upon  two  tangents  to  the  curve,  and  if  a  right  line  be  drawn 
joining  their  feet, the  perpendicular  drawn  to  this  right  line  from 
the  point  of  concourse  of  the  two  tangents  will  pass  through 
the  second  focus  of  the  curve  (19). 

10.  If  two  conic  sections  which  have  the  same  foci  cut  one 
another,  they  are  at  right  angles  to  each  other  at  each  point 
of  intersection  (20). 

II. 

PROPERTIES  OF  THE  PLANE  CONIC  SECTIONS  RELATING    TO  A 

SINGLE    FOCUS. 

1 .  The  ratio  of  the  distances  of  each  point  on  a  conic  sec- 
tion from  a  focus  and  from  the  corresponding  directrix  is 
constant  (22). 
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2.  The  radii  vectores  drawn  from  a  focus  of  a  conic  sec- 
tion to  a  point  on  the  curve,  and  to  the  point  where  the  tangent 
at  that  former  point  meets  the  directrix,  are  at  right 
angles  (23). 

3.  The  radii  vectores  drawn  from  a  focus  of  a  conic  section 
to  two  points  on  the  curve  make  equal  angles  with  the  radius 
vector  drawn  to  the  point  of  concourse  of  the  two  tangents  at 
those  points  (24). 

4.  The  two  radii  vectores,  drawn  from  a  focus  of  a  conic 
section  to  two  points  on  the  curve,  make  equal  angles  with 
the  radius  vector  drawn  to  the  point  in  which  the  chord  join- 
ing the  two  points  on  the  curve  meets  the  directrix  (25). 

5.  The  radius  vector  drawn  from  a  focus  of  a  conic  sec- 
tion to  the  point  of  concourse  of  two  tangents  to  the  curve, 
and  the  radius  vector  drawn  to  the  point  in  which  the  chord 
joining  the  two  points  of  contact  meets  the  directrix,  are  at 
right  angles. 

The  two  right  lines  drawn  through  the  point  of  concourse 
of  the  two  tangents,  and  passing,  the  one  through  the  focus, 
and  the  other  through  the  point  in  which  the  chord  joining 
the  two  points  of  contact  meets  the  directrix,  are  harmonic 
conjugates  with  relation  to  the  two  tangents  (26). 

6.  If  a  transversal  be  drawn  through  the  focus  of  a  conic 
section,  its  pole,  with  relation  to  the  curve,  will  be  upon  the 
directrix,  and  the  radius  vector  drawn  from  the  focus  to  this 
pole  will  be  perpendicular  to  the  transversal  (27). 

7.  When  a  quadrilateral  is  circumscribed  about  a  conic  sec- 
tion, two  opposite  sides  of  the  quadrilateral  subtend  at  either 
focus  two  angles  supplemental  one  to  the  other  (28). 

8.  Two  fixed  tangents  being  drawn  to  a  conic  section,  the 
part  of  another  moveable  tangent  intercepted  between  the  two 
former  ones  will  subtend  at  either  focus  an  angle  of  invariable 
magnitude. 

This  angle  will  be  right,  if  the  point  of  concourse  of  the 
two  fixed  tangents  be  upon  the  directrix  (29). 

9.  The  portion  of  any  tangent  of  a  conic  section  intercepted 
between  the  two  tangents  drawn  at  the  extremities  of  the 
major  axis  subtends  a  right  angle  at  either  focus  (30). 

10.  A  conic  section  and  a  fixed  tangent  to  it  being  given, 
if  round  either  focus,  as  vertex,  an  angle  of  invariable  magni- 
tude be  made  to  turn,  and  through  the  point  in  which  one  of 
its  sides  meets  the  fixed  tangent  we  draw  a  second  tangent  to 
the  curve,  this  second  tangent  will  meet  the  second  side  of 
the  angle  in  a  point,  the  geometric  locus  of  which  will  be  a 
tangent  to  the  conic  section  (31). 

1 1 .  Any  chord  of  a  conic  section  passing  through  a  focus 
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is  divided  at  that  point  into  two  parts  the  sum  of  the  reci- 
procals of  which  is  constant  (32). 

III. 

GEOMETRIC    LOCI    RELATING    TO     THE     FOCI     OF    THE    PLANE 

CONIC     SECTIONS. 

1.  If  an  angle  of  invariable  magnitude  be  made  to  turn 
round  a  fixed  point  as  vertex,  and  if  a  right  line  be  drawn 
joining  the  two  points  in  which  its  two  sides  respectively  meet 
two  given  right  lines,  this  right  line  will  envelope  a  conic  sec- 
tion whose  focus  will  be  the  vertex  of  the  moveable  angle, 
and  which  will  touch  the  two  given  right  lines  (33). 

2.  If  an  angle  of  invariable  magnitude  be  made  to  turn 
round  the  focus  of  a  conic  section  as  vertex,  the  chord  which 
it  will  subtend  will  envelope  a  second  conic  section. 

The  tangents  to  the  given  conic  section  at  the  extremities 
of  this  chord  will  intersect  in  a  point  the  geometric  locus  of 
which  will  be  a  third  conic  section. 

These  two  new  conic  sections  will  have  the  same  focus  as 
the  given  conic  section,  and  the  same  corresponding  direc- 
trix (34).  "^  ^ 

3.  If  an  angle  of  given  magnitude  be  made  to  turn  round 
the  focus  of  a  conic  section  as  vertex,  and  through  the  points 
in  which  its  sides  meet  a  tangent  to  the  curve,  two  new  tan- 
gents be  drawn,  their  point  of  concourse  will  generate  a 
second  conic  section,  of  which  the  fixed  vertex  of  the  moveable 
angle  will  be  a  focus,  and  the  corresponding  directrix  will  be 
that  of  the  given  conic  section  (35). 

4.  If  in  the  plane  of  a  conic  section  a  right  angle  be  made 
to  turn  round  a  fixed  point  as  vertex,  the  chord  subtended  in 
the  conic  section  by  the  sides  of  this  angle  will  envelope  a 
second  conic  section,  one  of  whose  foci  will  be  at  the  fixed 
point,  and  the  corresponding  directrix  will  be  the  polar  of  this 
point  with  relation  to  the  given  conic  section  (36). 

^  If  the   vertex  of  the  moveable  angle  be  the  centre  of  the 
given  conic  section,  the  second  conic  section  will  be  a  circle(37). 

5.  A  conic  section  and  two  fixed  tangents  being  given,  if 
any  third  tangent  be  drawn,  and  through  the  points  in  which 
it  meets  the  two  fixed  tangents,  two" right  lines  be  drawn 
respectively  passing  through  the  two  foci  of  the  curve,  these 
two  right  lines  will  intersect  in  a  point,  the  geometric  locus 
of  M'hich  will  be  a  conic  section  passing  through  the  two  foci 
of  the  given  one  (38). 


OF  THE  SPHERICAL  CONICS.  63 

6.  Two  fixed  points  being  given,  if  a  right  line  be  drawn, 
such  that  the  rectangle  under  its  distances  from  the  two  given 
fixed  points  shall  be  constant,  this  right  line,  and  all  the 
others  determined  in  like  manner,  will  envelope  a  conic  sec- 
tion whose  foci  will  be  the  two  fixed  points  (40). 

7.  A  point  and  a  right  line  being  given,  the  geometric  locus 
of  a  point  whose  distances  from  the  given  point  and  right  line 
are  to  each  other  in  a  constant  ratio,  is  a  conic  section  in  which 
the  given  point  is  a  focus,  and  the  given  right  line  is  the  cor- 
responding directrix  (41). 

IV. 

PROBLEMS  RELATING  TO  THE  FOCI  OF  THE  PLANE  CONIC 
SECTIONS,  AND  GENERAL  PROPERTIES  OF  PLANE  TRIANGLES 
AND  QUDRILATERALS. 

1.  When  one  of  the  foci  of  a  conic  section  is  given,  only- 
three  other  conditions  are  required  to  determine  this  curve. 

2.  A  focus  and  two  tangents  of  a  conic  section  being  given, 
the  directrix  corresponding  to  that  focus  passes  through  the 
point  of  intersection  of  the  two  following  right  lines  : 

a.  The  right  line  which  passes  through  the  point  of  con- 
course of  the  two  given  tangents,  and  is  the  harmonic  conju- 
gate, with  relation  to  these  two  tangents,  of  the  right  line  drawn 
from  this  point  of  concourse  to  the  focus  of  the  curve  : 

h.  The  right  line  drawn  through  the  focus  perpendicular 
to  the  right  line  joining  this  focus  with  the  point  of  concourse 
of  the  two  given  tangents  (44). 

3.  A  focus  and  two  points  on  a  conic  section  being  given, 
the  directrix  corresponding  to  that  focus  passes  through  the 
point  in  which  the  right  line  joining  the  two  given  points  meets 
the  right  line  which  bisects  the  angle,  or  the  supplement  of 
the  angle,  contained  between  the  two  radii  vectores  drawn  from 
the  focus  to  the  two  given  points  (45). 

4.  The  last  theorem  but  one  furnishes  the  solution  of  the 
following  problem  : 

Given  three  tangents  and  one  of  the  foci  of  a  conic  sec- 
tion, to  determine  the  directrix  corresponding  to  that  focus. 

5.  The  last  theorem  enables  us  to  resolve  the  following 
problem,  which  admits  of  four  solutions  : 

Given  three  points  and  one  of  the  foci  of  a  conic  section,  to 
determine  the  directrix  corresponding  to  that  focus. 

6.  Three  right  lines  being  drawn  from  a  fixed  point  to  the 
three  vertices  of  a  triangle,  if  through  each  vertex  a  new  right 
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line  be  drawn,  making  with  one  of  the  two  sides  adjacent  to 
that  vertex  an  angle  equal  to  that  M'hieh  the  former  right 
line  makes  with  the  other  side,  the  three  right  lines  thus 
drawn  will  pass  through  the  same  point. 

This  point  and  that  from  which  the  three  former  right  lines 
were  drawn,  will  be  the  foci  of  a  conic  section  inscribed  in  the 
given  triangle  (49). 

7.  This  theorem  furnishes  a  solution  of  the  following  prob- 
lem : 

Given  three  tangents  and  one  of  the  foci  of  a  conic  section, 
to  determine  the  other  focus. 

8.  If  from  a  point  assumed  arbitrarily  in  the  plane  of  a  tri- 
angle three  perpendiculars  be  let  fall  upon  its  sides,  and  a  circle 
be  described  passing  through  their  feet,  the  perpendiculars 
drawn  to  the  sides  of  the  triangle  at  the  three  new  points  in 
which  this  circle  meets  them,  will  all  pass  through  the  same 
point  (51). 

9.  If  from  a  point  assumed  in  the  plane  of  a  triangle  three 
perpendiculars  be  let  fall  upon  its  sides,  their  feet  will  be  the 
vertices  of  a  second  triangle  inscribed  in  the  former ;  and  if 
through  the  vertices  of  the  first  triangle  right  lines  be  drawn 
respectively  perpendicular  to  the  opposite  sides  of  the  second, 
these  three  right  lines  will  pass  through  the  same  point  (52). 

The  feet  of  the  perpendiculars  let  fall  from  this  n.ew  point 
upon  the  sides  of  the  given  triangle,  and  those  of  the  three 
former  perpendiculars,  will  be  six  points  lying  on  the  circum- 
ference of  the  same  circle. 

10.  If  any  number  of  triangles  be  inscribed  in  a  conic  sec- 
tion, and  as  many  conic  sections  be  again  inscribed  in  these 
triangles,  having  all  of  them  for  their  common  focus  a  fixed 
point  on  the  given  conic  section,  all  these  curves  Mill  touch 
the  same  right  line  (53). 

11.  If  from  a  point  assumed  upon  a  conic  section  perpen- 
diculars be  let  fall  upon  tlie  sides  of  a  triangle  inscribed  in  the 
conic  section,  the  circle  described  through  the  feet  of  these  per- 
pendiculars will  pass  through  a  fixed  point,  whatever  be  the 
triangle  inscribed  in  the  conic  section  (54). 

12.  The  four  vertices  of  a  quadrilateral,  taken  three  by 
three,  determine  four  triangles ;  if  from  any  point  perpendicu- 
lars be  let  fall  upon  the  sides  of  each  triangle,  and  a  circle  be 
described  passing  through  their  feet,  the  four  circles  thus  deter- 
mined will  pass  through  the  same  point  (55). 


or  THE  SPHERICAL  CONICS. 


V. 


65 


PROPERTIES  OF  THE  TWO    ASYMPTOTES    OF  THE    HYPERBOLA 
CONSIDERED    SIMULTANEOUSLY. 

1.  Every  tangent  to  a  hyperbola  meets  the  asymptotes  in 
two  points,  which  are  equally  distant  from  the  point  of 
contact  (11). 

2.  Conversely  :  If  a  curve  be  such  that  the  portion  of  each 
tangent  intercepted  between  two  given  right  lines  is  bisected 
at  the  point  of  contact,  this  curve  is  a  hyperbola  whose  asymp- 
totes are  the  two  given  right  lines  (12). 

3.  The  portions  of  any  secant  intercepted  between  the 
hyperbola  and  its  asymptotes  are  equal  (13). 

4.  Every  tangent  to  a  hyperbola  meets  the  asymptotes  in 
two  points,  the  rectangle  under  the  distances  of  which  from 
the  centre  of  the  curve  is  constant  (16). 

5.  In  every  hyperbola  the  rectangle  under  the  distances  of 
any  point  on  the  curve  from  the  two  asymptotes  is  con- 
stant (17). 


VI. 

PROPERTIES    OF    THE    HYPERBOLA    RELATING    TO     A     SINGLE 

ASYMPTOTE. 

1.  Two  tangents  to  a  hyperbola,  and  the  right  line  joining 
the  points  of  contact,  meet  an  asymptote  in  three  points, 
the  third  of  which  bisects  the  distance  between  the  first 
two  (24). 

2.  If  the  two  sides  of  a  variable  angle,  whose  vertex  tra- 
verses a  hyperbola,  pass  through  two  fixed  points  on  the 
curve,  the  segment  intercepted  between  the  sides  of  this 
angle  upon  an  asymptote  will  be  of  a  constant  length  (29). 

3.  If  on  either  asymptote  of  a  hyperbola  a  portion  of  given 
length  be  arbitrarily  assumed,  and  through  one  of  its  extre- 
mities and  a  fixed  point  on  the  curve  a  right  line  be  drawn 
meeting  the  curve  in  a  second  point,  the  right  line  joining 
this  second  point  with  the  second  extremity  of  the  portion 
assumed  on  the  asymptote  will  turn  round  a  fixed  point  on 
the  hyperbola  (31). 


K 
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VII. 

GEOMETRIC  LOCI  RELATING  TO  THE  ASYMPTOTES  OF  THE 

HYPERBOLA. 

1 .  If  the  two  sides  of  an  angle  of  variable  magnitude  pass 
always  through  two  fixed  points,  and  intercept  upon  a  given 
right  line  a  segment  of  a  constant  length,  the  vertex  of  this 
angle  will  generate  a  hyperbola,  which  will  pass  through  the 
two  fixed  points,  and  which  will  have  the  given  right  line  for 
an  asymptote  (33). 

2.  If  two  tangents  to  a  hyperbola  intercept  between  them 
on  one  of  the  asymptotes  a  segment  of  a  constant  length,  the 

geometric  locus  of  their  point  of  concourse  will  be  a  second 
yperbola. 
The  chord  joining  the  two  points  of  contact  will  envelope 
a  third  hyperbola. 

The  asymptote  on  which  are  measured  the  segments  inter- 
cepted between  the  tangents  will  be  an  asymptote  of  the  two 
new  hyperbolas  (34). 

3.  If  an  angle  of  variable  magnitude  be  made  to  turn  round 
a  fixed  point  on  a  hyperbola  as  vertex,  intercepting  on  an  asymp- 
tote a  segment  of  a  constant  length,  the  chord  subtended  by 
this  angle  will  envelope  a  second  hyperbola,  to  which  the 
right  line  on  which  the  intercepted  segments  are  measured 
will  also  be  an  asymptote  (35). 

4.  If  the  sides  of  a  variable  angle  pass  always  through  two 
fixed  points  on  a  hyperbola,  whilst  its  vertex  traverses  the 
curve,  the  sides  of  this  angle  will  respectively  meet  the  two 
asymptotes  in  two  points,  and  the  right  line  joining  these  two 
points  will  envelope  a  conic  section  touching  the  two  asymp- 
totes of  the  hyperbola  (38). 

5.  Two  right  lines  being  given,  the  geometric  locus  of  the 
point,  the  rectangle  under  whose  distances  from  the  two  right 
lines  is  constant,  will  be  a  hyperbola  of  which  the  two  right 
lines  are  the  asymptotes  (40). 

VIII. 

GEOMETRIC  LOCI   RELATING  TO  ANY    CONIC  SECTIONS. 

The  first  three  of  the  five  preceding  theorems  give  rise 
to  new  theorems,  by  means  of  the  method  of  transforming  geo- 
metrical relations  which  we  have  explained  in  a  preceding 
Memoir ;  these  theorems,  which  relate  to  any  conic  section, 
are  the  following : 
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"1.  If  an  angle  of  variable  magnitude  be  made  to  turn 
round  a  fixed  point  as  vertex,  so  that  the  segment  which  it  in- 
tercepts upon  a  fixed  axis  may  be  of  a  constant  length,  the 
right  line  joining  the  two  points  in  which  the  sides  of  this 
angle  respectively  meet  two  given  right  lines  will  envelope  a 
conic  section,  which  will  touch  these  two  right  lines,  and  which 
will  pass  through  the  vertex  of  the  moveable  angle. 

*'  The  tangent  to  the  curve  at  this  point  will  be  parallel  to 
the  axis  on  which  the  segments  are  measured." 

This  proposition  furnishes  the  solution  of  the  following 
problem : 

"  Given  four  tangents  to  a  conic  section,  and  the  point  of 
contact  of  one  of  these  tangents,  to  determine  all  the  other  tan- 
gents of  the  curve,  by  the  continued  movement  of  a  segment  of 
a  constant  length  along  a  fixed  right  line." 

"2.  If  an  angle  of  variable  magnitude  be  made  to  turn 
round  a  point  on  a  conic  section  as  vertex,  so  that  the  segment 
which  it  intercepts  upon  a  fixed  axis  parallel  to  the  tangent 
at  that  point  shall  be  of  a  constant  length,  the  chord  subtended 
by  this  angle  in  the  conic  section  will  envelope  a  second  conic 
section. 

"  The  point  of  concourse  of  the  two  tangents  to  the  first 
conic  section  at  the  extremities  of  this  chord  will  generate  a 
third  conic  section. 

"  These  two  new  curves  will  touch  the  given  one  at  the 
vertex  of  the  moveable  angle." 

"  3.  If  an  angle  of  variable  magnitude  be  made  to  turn 
round  a  fixed  point  on  a  conic  section  as  vertex,  whilst  its 
sides  intercept  a  segment  of  a  constant  length  upon  a  parallel 
to  the  right  line  touching  the  curve  at  that  point,  and  if 
through  the  points  in  which  the  sides  of  this  angle  meet  a 
fixed  tangent  to  the  curve  two  new  tangents  be  drawn,  their 
point  of  concourse  will  generate  a  conic  section,  which  will 
touch  the  given  one  at  the  vertex  of  the  moveable  angle." 

IX. 

PROBLEM  RELATING  TO  THE  ASYMPTOTES  OF  THE  HYPER- 
BOLA, AND  GENERAL  PROPERTIES  OF  TRIANGLES. 

1.  One  of  the  asymptotes  of  a  hyperbola  being  given,  only 
three  other  conditions  are  required  to  determine  the  curve  (43). 

2.  If  any  transversal  be  drawn  in  the  plane  of  a  triangle, 
and  on  each  side  a  point  be  assumed,  whose  distance  from 
one  of  the  two  extremities  of  that  side  is  equal  to  the  distance 
of  the  other  extremity  from  the  point  in  which  the  transversal 
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meets  that  side,  the  three  points  thus  assumed  will  be  in  the 
same  right  line  (49). 

3.  This  theorem  furnishes  the  solution  of  the  following 
problem  : 

Given  three  points  and  one  of  the  asymptotes  of  a  hyperbola, 
to  find  the  second  asymptote. 

4.  If  any  number  of  triangles  be  circumscribed  about  a  hy- 
perbola, and  if  we  conceive  as  many  hyperbolas  to  be  circum- 
scribed about  these  triangles,  having  all  of  them  a  tangent  of 
the  given  hyperbola  for  their  common  asymptote,  all  these 
curves  will  pass  through  the  same  point  (53). 

5.  By  means  of  the  method  of  transforming  geometrical  re- 
lations which  we  have  already  employed  (No.  VIII.  in  this 
section)  the  preceding  theorem  (2)  gives  rise  to  the  following 
general  property  of  triangles  : 

"  If  through  each  vertex  of  a  triangle  two  right  lines  be 
drawn,  of  which  the  first  passes  through  a  given  fixed  point, 
and  the  second  is  such  that  the  angles,  which  these  two  right 
lines  respectively  make  with  the  two  sides  of  the  triangle  ad- 
jacent to  the  vertex,  intercept  equal  segments  upon  a  fixed 
transversal,  the  three  right  lines  thus  determined  will  pass 
through  the  same  point." 

X. 

ORGANIC  DESCRIPTION  OF  THE  PLANE    CONIC  SECTIONS. 

The  two  theorems  (56)  relative  to  the  description  of  the 
spherical  conies  lead  to  the  two  following : 

1 .  If  two  angles  of  given  magnitudes  turn  round  two  fixed 
points  as  vertices,  so  that  the  point  of  concourse  of  two  of  their 
sides  traverses  a  right  line,  the  point  of  concourse  of  their  two 
other  sides  will  generate  a  conic  section,  which  will  pass  through 
the  two  fixed  points. 

2.  If  along  two  fixed  right  lines  two  segments  of  given 
lengths  be  made  to  move,  so  that  two  of  their  extremities  are 
always  in  the  same  right  line  Avith  a  fixed  point,  the  right 
line  joining  their  two  other  extremities  will  envelope  a  conic 
section,  which  will  touch  the  two  fixed  right  lines. 

The  first  of  these  two  theorems  is  that  of  Newton,  and  en- 
ables us  to  describe  the  conic  section  by  points ;  the  second, 
which  is  new,  furnishes  a  very  simple  construction  of  the  tan- 
gents of  the  conic  sections,  as  we  shall  presently  see  in  the 
solution  of  the  following  problem  : 

3.  Problem.  Given  five  tangents  of  a  conic  section,  to  de- 
termine all  its  other  tangents  by  the  movement  of  two  recti- 
lineal segments  along  two  fixed  right  linos. 
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Let  A,  B,  c,  D,  E,  be  the  five  given  right  lines  ;  let  us  take 
the  first  two  a,  b,  as  the  two  fixed  right  lines  along  which 
the  two  segments  are  to  move,  and  for  the  segments  them- 
selves let  us  take  the  distances  of  the  point  of  concourse 
of  these  two  right  lines  from  the  points  in  which  they  are  inter- 
sected by  the  third  right  line  c.  These  two  segments  must  be 
made  to  move  respectively  along  the  two  right  lines  a,  b,  so 
that  their  extremities  which  before  lay  upon  the  right  line  c, 
may  fall  upon  the  right  line  d,  and  again  upon  the  right  line 
E  ;  their  two  other  extremities,  which  at  first  coincided  with 
the  point  of  intersection  of  the  two  right  lines  a,  b,  will  suc- 
cessively determine  two  right  Knes  d',  e'. 

Let  the  two  segments  move  so  that  these  same  two  extremi- 
ties may  always  be  in  the  same  right  line  with  the  point  of 
intersection  of  the  two  right  lines  n',  e';  the  right  line  joining 
the  two  other  extremities  of  the  two  segments  will  assume  all 
the  positions  of  the  tangents  to  the  required  conic  section. 

4.  It  is  unnecessary  to  explain  the  construction  by  which,  as 
a  consequence  from  Newton's  theorem,  we  determine  all  the 
points  of  a  conic  section  subject  to  the  condition  of  passing 
through  five  given  points ;  it  would  be  a  mere  repetition  of 
what  we  have  already  said  in  the  solution  of  the  same  question 
with  respect  to  the  spherical  conies  (57). 

5.  Before  closing  this  Memoir,  we  may  observe  that  the 
theorem  (2),  which  enables  us  to  construct  the  tangents  of  the 
conic  sections,  gives  rise,  by  means  of  our  method  of  transform- 
ing geometrical  relations,  to  another  theorem  available  in  the 
construction  of  conic  sections  by  points,  and  which,  for  this 
purpose,  might  take  the  place  of  Newton's  theorem. 

This  new  theorem  may  be  thus  stated  : 

"  If  two  angles  intercepting  segments  of  constant  lengths 
upon  a  fixed  axis  turn  round  two  fixed  points  as  vertices,  so 
that  two  of  their  sides  always  intersect  upon  a  given  right 
line,  the  point  of  concourse  of  their  two  other  sides  will  gene- 
rate a  conic  section  passing  through  the  two  fixed  points." 

This  theorem  may  be  employed  in  the  same  way  that 
Maclaurin,  in  his  Organic  Geometry,  made  use  of  Newton's 
theorem. 

6.  In  order  to  complete  this  chapter  on  the  organic  con- 
struction of  conic  sections  we  ought  to  add,  that  Newton's 
theorem  also  gives  rise  to  a  theorem  relating  to  the  construc- 
tion of  the  tangents  of  the  conic  section  by  the  movement  of 
two  angles  of  constant  magnitudes.  This  theorem  may  be 
obtained  by  a  polar  transformation,  a  circle  being  used  as 
the  auxiliary  conic,  as  M.  Poncelet  has  pointed  out  in  his 
Memoire  Sur  la  Theorie  des  Polaires  reciproques ;  we  may 
state  it  thus  : 
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*'  If  round  a  fixed  point,  as  vertex,  two  angles  of  constant 
magnitudes  be  made  to  turn,  so  that  the  points  in  which  two 
of  their  sides  respectively  meet  two  given  right  lines  are 
always  in  the  same  right  line  with  a  given  point,  the  right  line 
joining  the  points  in  which  the  two  other  sides  respectively 
meet  the  same  two  right  lines  will  envelope  a  conic  section 
which  will  touch  those  two  right  lines." 


.  VIA.-  ;; 

NOTES  AND  ADDITIONS. 


Page  5,  §  6. — If  through  the  vertex  of  a  cone  of  the  second 
degree  right  lines  he  drawn  perpendicular  to  its  tangent  planes,  they 
will  form  another  cone,  which  will  be  of  the  second  degree. 

The  analytical  proof  of  this  proposition,  though  not  quite  so 
short,  may  appear  to  some  readers  more  satisfactory  than  the  geo- 
metrical one. 

Let 

be  the  equation  of  a  cone  ;  the  axes  of  coordinates  being  rectangular. 
Then  the  equation  of  a  tangent  plane  at  the  point,  (^',  y',  z')  will  be 

x'x       y'y       ^'^__Q 

Now,  the  perpendicular  to  this  tangent  plane,  passing  through 
the  origin,  makes  angles  with  the  axes  of  x,  y,  and  z,  whose  cosines 

are  respectively  proportional  to  — ,  '-j-,  and -;  but  these  cosines 

are  also  proportional  to  the  coordinates  x,  Y,  z,  of  any  point  on  that 
perpendicular.  Hence  we  find  a^y.^  -\-¥y^  —  c^z'^=rO,  for  the  equa- 
tion of  the  second  or  supplementary  cone,  which  is  of  the  second 
degree ;  and  its  tangent  plane  at  the  point  (x,  Y,  z)  is  evidently 
perpendicular  to  the  side  of  the  given  cone  passing  through  the  point 
{x',  y',  z'.) 

Page  9,  §  17. — The  theorem  stated  in  this  paragraph  is  a  case  of 
the  following  general  one  : 

If  two  surfaces  of  the  second  order  intersect  along  a  plane  curve, 
they  tvill  also  intersect  along  a  second  plane  curve,  either  real  or 
imaginary. 

In  order  to  prove  this,  let  us  take  the  plane  of  the  first  curve  of 
intersection  as  the  plane  of  xy :  then  the  equations  of  the  two 
surfaces  being, 

A.tr*  -f  Ay  4-  a"s;2  -|-  Byz  -\-  b'xz  -\-  B"xy  +  cr  -f  c'y  -f  c"z  4- 1  nr  0, 

ax"  -f  a'y^  +  a"z'-  +  byz  -\-  b'xz  +  b"xy  -\-cx-^c'y-{- c"z-\-l=  0, 


72  NOTES  AND  ADDITIONS. 

we  must  have  the  coefficients  of  the  terms,  independent  of 5^,  respec- 
tively equal  in  both  ;  since  the  traces  of  the  two  surfaces  upon  the 
plane  of  xy  are  identical ;  that  is,  we  must  have, 

A  z=  o,  a'  r=  a',  b"  z=  6",  c  =:  c,  c'  =:  c'. 

Hence,  subtracting  and  dividing  by  z^  we  get, 

(A."  —  a")  ^  +  (b  -  i) J/  +  (b'  —  &').«•  +  c"  -  c"  =  0, 

which  is  the  equation  of  a  second  plane,  on  which  the  surfaces  inter- 
sect. 

The  normal,  at  ant/  point  on  the  surface  of  a  cone  of  the  second 
degree,  meets  the  plane  of  its  least  section  at  the  centre  of  the 
sphere,  passing  through  the  tivo  suhcontrary  circular  sections  which 
intersect  in  the  point  at  which  the  normal  is  drawn. 

It  is  easy  to  see  that  the  centre  of  any  sphere  passing  through 
two  subcontrary  circular  sections,  must  lie  in  the  plane  of  the  least 
section  of  the  cone  :  for  the  planes  of  the  circular  sections  are  per- 
pendicular to  that  plane,  and  their  centres  lie  in  it.  But  further,  if 
the  two  circular  sections  meet  at  a  point  on  the  surface  of  the  cone, 
the  sphere  passing  through  them  must  necessarily  touch  the  cone,  so 
that  its  centre  must  lie  on  the  normal  at  that  point.  Thus,  we  have 
proved  that  the  centre  of  the  sphere  is  at  the  point  where  the  normal 
meets  the  plane  of  the  least  section  of  the  cone. 

The  preceding  proposition  leads  to  an  easy  and  direct  proof  of  the 
first  theorem  in  No.  24,  p.  13. 

Let  VA,  VB,  be  the  two  sides  of  the  cone  contained  in  the  plane 
of  its  least  section  ;  and  let  ab,  a'b',  be  the  traces  on  this  plane  of 
the  two  subcontrary  circular  sections  which  pass  through  a  point  p  on 
the  surface  of  the  cone,  if  perpendiculars  be  drawn  to  ab,  a'b',  at 
their  middle  points  M,  m',  they  will  meet  at  o,  the  centre  of  the 
sphere  passing  through  the  two  subcontrary  sections. 

Now,  the  plane  touching  the  cone  at  p  will  also  touch  the  sphere, 
and  consequently  it  will  be  perpendicular  to  the  radius  op:  therefore, 
the  angles,  which  the  tangent  plane  makes  with  the  two  planes  of 
circular  section,  are  respectively  equal  to  the  angles  which  op  makes 
with  OM,  om'  ;  or,  what  is  the  same  thing,  to  the  angles  aom,  a'om'. 
But  either  the  sum  or  the  difference  of  these  two  angles  is  constant, 
and  equal  to  the  supplement  of  the  angle  avb.  Hence  we  have 
proved  that 

The  sum  or  the  difference  of  the  angles,  which  each  tangent  plane 
to  a  cone  of  the  second  degree  makes  with  the  two  cyclic  planes,  is 
constant. 

It  is  easy  to  extend  to  the  surfaces  of  the  second  order  in  gene- 
ral, the  construction  just  given  for  determining  the  centre  of  the 
sphere  passing  through  two  subcontrary  circular  sections  that  meet 
at  a  point  on  the  surface. 

Let 

UZ^  -f  My  -f  M".r*  4-  N^r  4-  ^'y  -j-  n"x  =0  ( 1 ) 

be  the  equation  of  the  surfaces  of  the  second  order ;  the  axes  of 
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coordinates  being  rectangular  and  parallel  to  conjugate  diameters, 
and  the  origin  on  the  surface. 

In  this  equation,  without  at  all  diminishing  its  generality,  we  may 
assume  that  m  is  intermediate  between  m'  and  m",  regard  being  had 
to  the  signs  as  well  as  to  the  actual  magnitude  of  these  coefficients  : 
for  this  relation  between  m,  m',  m",  may  be  always  obtained  by  inter- 
chanffing  the  names  of  the  coordinates.     Let 

(z  —  z'y  +  (1/  -  T/'Y  +  (^'  -  x'f  —  r^=zO  (2) 

be  the  equation  of  a  sphere,  in  which  a;',  y,  z',  r,  are  indeterminate. 
Multiplying  this  latter  equation  by  M,  and  subtracting  from  the  for- 
mer, we  get, 

4.(N'4-2My)?/4-(N"  +  2M^')a;— M(s'«+y*-+-.!i?''  — r^)j 

If  the  indeterminate  quantities  in  this  equation,  x',  y',  z' ,  r,  be 
so  assumed  that  it  shall  represent  a  system  of  two  planes,  these 
planes  must  intersect  the  given  surface  along  two  circles.  Such  a 
determination  of  x' ,  y' ,  z' ,  r,  may  be  effected  in  an  infinite  number 
of  different  ways  -,  but  in  all  cases  we  must  have 

N  +  2mz'  =zO;  (4) 

as  appears  from  comparing  equation  (3)  with  the  product  of  the 
equations  of  two  planes :  and  this  shows  that  all  the  planes  of  the 
circular  sections  are  perpendicular  to  the  plane  of  xy. 

The  coefficient  of  z  in  equation  (3)  being  thus  made  1=  0,  the 
conditions  to  be  fulfilled,  in  order  that  it  shall  represent  two  planes, 
are,  1st,  that 

m'  — M  m"— M  ^ 

and  2nd,  that  the  product  (m— m')  (m  — m")  may  not  be  positive. 
This  latter  condition  is  already  complied  with,  since  M  is  intermediate 
between  m'  and  m". 

The  value  of  z  being  determined  by  equation  (4)  we  still  have 
three  quantities,  x',  y',  r,  to  dispose  of,  and  may  at  once  satisfy 
equation  (5)  by  putting 

n'  +  2My  =  0,  n"  +  2mx'  —  0,  z"-  +  y^  +  x'^  -  r^  —  0. 

By  these  assumptions,  along  with  equation  (4),  the  equation  (3) 
is  reduced  to  the  form, 

(m'  —  M)y  +  (m"  —  m)  ^*  =  0, 

representing  two  planes  perpendicular  to  the  plane  of  xy,  and  whose 
traces  on  that  plane  make  angles  with  the  axis  of  x,  the  tangents  of 

L 
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,.   ,  /m"  M  ,  /m" M      ^,  ,  .   , 

which  are  +  \/  r>  and  —  \/  .    Ihese  values  of  the 

'      V      M M  KM M' 

tangents  must  plainly  be  real. 

The  values  for  the  coordinates  of  the  centre  of  the  sphere,  and 
for  its  radius,  are  next  to  be  considered.     The  three  equations, 

N  -j-  2m^'  =  0,  n'  4-  Smj/'  iz:  0,  n"  +  2i\U''  =:  0, 

show  that  the  centre  is  on  the  normal  to  the  given  surface  at  the 
origin  :  for  x',  y',  z'  are  proportional  to  n",  n',  n  ;  and  the  equation 
of  the  tangent  plane  at  the  origin  is, 

Moreover,  the  equation,  n  -\-  2uz'  z^  0,  shows  that  the  centre  of 
the  sphere  is  in  the  principal  plane  of  the  surface,  parallel  to  the 
plane  of  .vi/. 

Hence,  we  have  proved  that  in  general, 

The  circular  sections,  passing  through  a  given  point  on  a  sur- 
face of  the  second  order,  may  he  determined  hy  the  following  construc- 
tion :  At  the  given  point  let  a  normal  to  the  surface  he  drawn  to 
meet  the  principal  plane,  to  which  the  circular  sections  are  jjerpen- 
dicular  :  the  point  of  intersection  will  he  the  centre,  and  the  normal 
itself  will  he  the  radius,  of  the  sphere  which  cuts  the  given  surface  in 
the  two  circidar  sections  pjcissing  through  the  given  point. 

In  the  analj'sis  of  this  question  there  is  one  case  which  requires 
particular  notice,  viz.  that  of  the  hyperbolic  paraboloid,  where  m'  and 
m''  have  different  signs,  and  M  =  0.  Here  we  have  real  values  for 
the  tangents  of  the  angles  between  the  planes  of  circular  section  and 
the  axis  of  x  :  but  the  values  of  x',  y',  z',  become  infinite,  shewing 
that  the  sphere  degenerates  into  a  plane,  and  the  circular  into  rectili- 
near sections. 

Confined  within  the  narrow  limits  of  a  note,  I  must  either  leave 
to  the  student,  or  defer  until  some  other  occasion,  the  fuller  discus- 
sion of  the  analytical  method  which  I  have  here  used  in  determining 
the  circular  sections  of  the  surfaces  of  the  second  degree.  It  will  be 
found  to  conduct  easily  to  many  interesting  results  relative  to  these 
sections. 

If  we  are  only  allowed  to  assume  that  the  circular  sections  of  any 
surface  of  the  second  degree  are  perpendicular  to  one  of  its  principal 
planes,  we  may  apply  to  these  surfaces  in  general  the  geometrical 
proof  given  above  in  the  case  of  the  cone.  For  the  sphere  which 
passes  through  two  circular  sections  that  meet  at  a  point  on  the  sur- 
face, must  touch  the  surface,  and  its  centre  must  therefore  be  on  the 
normal  to  the  surface  at  that  point.  And  since  the  two  circular 
sections  are  perpendicular  to  a  principal  plane,  the  centre  of  the  sphere 
passing  through  them  must  lie  in  that  plane. 

Page  12,  §  22.  These  two  theorems  lead  to  the  following  pro- 
perties of  cones  having  the  same  cyclic  planes  or  the  same  focal 
lines. 
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When  two  cones  of  the  second  degree         When  two  cones  of  the  second  degree 

have  a  common  vertex  and  the  same  have   a  common  vertex  and  the  same 

cyclic  planes,  if  a  plane  be  drawn  through  focal  lines,  the  angle  contained  between 

their  vei'tex  cutting  the  two  cones,  the  two  planes  touching  the  two  cones  will 

sides  along  which  it  meets    one    cone  be  equal  to  that  contained  between  the 

will  respectively  make  equal  angles  with  two   other  tangent  planes  which  pass 

the   sides  of  the  other  cone,  through  through  the  right  line  in  which  the  two 

which  the  secant  plane  passes.  former  tangent  planes  intersect. 

Cones  which  have  the  same  focal  lines  ai'e  called  by  M.  Chasles 
hiconfocal  cones :  in  like  manner,  cones  which  have  the  same  cyclic 
planes  may  be  called  hiconcyclic  cones.  An  investigation  of  the  pro- 
perties of  these  latter  would  be  found  to  guide  the  student  to  many 
new  theorems  analogous  to  those  relative  to  similar  and  similarly 
placed  conic  sections. 

In  future,  for  the  sake  of  brevity,  I  shall  dispense  with  the 
enunciation  of  those  properties  of  cones  of  the  second  degree  which 
admit  of  being  stated  as  properties  of  spherical  conies :  the  latter 
mode  of  statement  being  in  general  more  concise,  as  well  as  more 
readily  understood. 

Page  14,  §  25 I  have  not  succeeded  in  finding  the  elementary 

geometrical  proofs,  which  INT.  Chasles  has  promised  to  give,  of  the 
two  theorems  contained  in  this  paragraph.  The  following  demon- 
stration of  the  theorem  in  the  first  column  appears  to  be  as  simple  as 
could  be  desired. 

Let  APB,  a'pb'  be   two   circular   sections   of  the   cone,  passing 

through  a  point  P  on  its  surface  ;  let  ab,    a''b',   their  traces  on  the 

plane  of  the  least  section  of  the  cone,  intersect  in  o  ;  and  at  p  let 

tangents  be  drawn  to  the  two  circular  sections,  respectively  meeting 

ab  and  a'b'  in  x  and  t'.     Then  op  is  parallel  to  the  line  in  which 

the  cyclic  planes  intersect,  and  the  tangents  pt,  pt',  are  parallel  to 

the  lines  in  which  the  tangent  plane  at  p  intersects  the  cyclic  planes. 

But  the  angles  opt,  opt',  are  respectively  double  the  angles  pao, 

po        ,  po  ,     .  ,  , 

pa'o,  whose  tangents  are  —  and  — p-  :  and  smce  po*  z=  ao.ob,  the 
'  °  Ao  a'o 

product  of  the  tangents  of  the  halves  of  opt,  opt',  is  equal  to  — ^, 

which  is  constant :  OB  and  oa'  being  to  each  other  as  the  sines  of 
the  angles  which  the  side  of  the  cone  ba'  makes  with  the  two  cyclic 
planes. 

Page  43,  §  6,    2nd  Mem In  his   Histoire  de  la  Geometrie, 

p.  236,  M.  Chasles  informs  us,  that  M.  Magnus  was  anticipated  in 
the  discovery  of  the  first  of  these  two  theorems  by  Fuss,  a  Russian 
geometer,  who,  in  discussing  the  curve  which  is  the  locus  of  the 
vertices  of  all  the  spherical  triangles  having  the  same  base  and  sum 
of  sides,  discovered  that  this  curve  is  the  intersection  of  a  sphere 
with  a  cone  of  the  second  degree,  whose  vertex  is  at  the  centre  of 
the  sphere {Nova  Acta,  tom.  iii.  a.  d.  1787.)  The  formulae  em- 
ployed by  Fuss  conducted  him  to  the  following  result,  which  he  calls 
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"  maxime  memorabilem,"  viz.  that  if  the  sum  of  the  sides  be  given 
equal  to  half  the  circumference  of  the  sphere,  the  locus  of  the  vertex 
will  be  an  arc  of  a  great  circle,  whatever  be  the  base  of  the  triangle. 
This  is  evident  from  the  most  elementary  considerations  of  spherical 
geometry.  M.  Chasles  observes  (^Histoire  de  la  Geometrie,  p.  239,) 
that  M.  Steiner  was  the  first  who  proved  that  the  base  of  a  spherical 
triangle  whose  area  and  vertical  angle  are  given,  envelopes  a  spherical 


conic. 


Page  46,  §  11. — From  the  two  theorems  in  this  article  we  may 


deduce  the  two  following 

If  two  spherical  conies  have  the  same 
cyclic  arcs,  every  arc  of  a  great  circle 
touching  the  inner  curve  meets  the  outer 
one  in  two  points  which  are  equally 
distant  from  the  point  of  contact. 


If  two  spherical  conies  have  the  same 
foci,  two  arcs  di'awn  from  a  point  in 
the  outer  curve  to  touch  the  inner  one 
make  equal  angles  with  the  tangent  to 
the  outer  conic  at  the  point  from  which 
the  tangents  are  drawn. 


These  last  two  theorems  are  only  particular  cases  of  the  two  fol- 
lowing : 


If  two  spherical  conies  have  the  same 
cyclic  arcs,  every  arc  of  a  great  circle 
whicli  cuts  both  of  them  intersects  one 
curve  in  two  points,  wliich  are  equally 
distant  from  the  points  in  which  this 
arc  meets  the  other  curve. 


If  two  spherical  conies  have  the  same 
foci,  the  angle  contained  between  two 
arcs  touching  the  two  curves  will  be 
equal  to  the  angle  between  the  two 
other  tangent  arcs  which  may  be  drawn 
to  the  conies  from  the  same  point. 


Page  47,  §  14 — Tf  M.  Chasles  had  not  restricted  himself  to  the 
consideration  of  the  hemisphere  on  which  the  conic  is  traced,  (see 
page  45,  §  10,)  he  might  have  stated  the  theorems  in  this  article 
more  elegantly. 

For  each  arc  touching  the  conic  meets  a  cyclic  arc  in  two  points 
diametrically  opposite  ;  so  that,  if  the  points  of  intersection  he  rightly 
chosen,  we  might  assert  that 


(1.)  Two  tangent  arcs  to  a  spherical 
conic  intersect  the  two  cyclic  arcs  in  four 
points,  which  lie  in  the  circumference 
of  a  small  circle,  whose  centre  is  the 
pole  of  the  great  circle  passing  through 
the  two  points  of  contact  of  the  tangent 
arcs. 

This  mode  of  stating  the  preceding  theorems  is  valuable  ;  for 
from  them  we  are  led  to  those  contained  in  §  16,  by  the  aid  of  the 
following  propositions,  which  are  very  useful  in  spherical  geometry, 
and  may  be  easily  proved  : 


The  four  vector  arcs,  drawn  from 
the  two  foci  of  a  spherical  conic  to  any 
two  points  of  the  curve,  will  all  touch 
tlie  same  small  circle,  whose  centre  is 
the  point  of  concourse  of  the  two  arcs 
touching  the  curve  at  these  two  points. 


(2.)  If  an  arc  of  a  great  circle,  passing 
through  a  fixed  point  on  the  surface  of 
the  sphere,  intersect  a  given  small  cir- 
cle in  two  points,  tlic  product  of  the 
tangents  of  the  semi-arcs,  lying  l)etwccn 
tliese  two  points  and  the  fixed  point, 
will  be  constant. 


If  from  any  point  in  a  fixed  arc  of  a 
great  circle  tangent  arcs  be  drawn  to  a 
given  small  circle,  the  product  of  the 
tangents  of  tlie  semi-angles,  which 
tlicse  tangent  arcs  make  with  the  fixed 
arc,  will  be  constant. 
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Page  47,  §  15. — These  theorems  might  be  readily  deduced  from 
those  in  No.  11,  by  the  following  method: 

Let  o  be  the  point  of  intersection  of  the  cychc  arcs  ;  then,  since 
the  portion  of  a  tangent  arc  ab,  intercepted  between  the  two  cyclic 
arcs,  is  bisected  at  the  point  of  contact  p,  the  two  consecutive  tan- 
gents AB,  a'b',  must  bisect  one  another  in  p;  hence,  the  elementary 
spherical  triangles  apa',  bpb',  are  equal,  and  the  area  of  the  whole 
triangle  aob,  will  remain  invariable  ;  the  sum  of  its  three  angles  is 
therefore  constant  :  but  the  angle  aob  is  fixed,  therefore,  the  sum  of 
the  angles  abo,  bao,  must  be  constant.  Having  proved  the  first 
theorem  thus,  we  may  deduce  the  second  from  it  by  reference  to 
the  supplementary  cone.  Precisely  in  the  same  way  we  might  prove 
the  first  of  the  two  following  theorems,  and  then  derive  the  second 
from  it  by  means  of  the  supplementary  cone. 

If  two  spherical  conies  have  the  same  If  from  any  point  in  the  outer  of  two 

cyclic  arcs,  any  arc  touching  the  inner  biconfocal  conies,  two  tangent  arcs  be 
curve,  will  cut  oft"  from  the  outer  one  a  drawn  to  the  inner  curve,  the  sum  of 
segment  of  a  constant  area.  these  two  arcs  and  of  the  concave  part 

of  the  circumference   of  the  conic  in- 
cluded between  them  will  be  constant. 

Page  47,  §  17. — By  means  of  the  known  formula 


cos  *i  A ; 


sin  s  sin  (s  — «) 
sin  b  sin  c 


expressing  the  cosine  of  the  half  of  one  angle  of  a  spherical  triangle 
in  terms  of  the  three  sides,  we  might  at  once  show  that  if  the  base 
a  and  the  sum  of  the  sides  b,  c,  of  a  spherical  triangle  be  constant, 
the  product  of  the  sines  of  the  two  arcs  drawn  from  the  extremities 
of  the  base  perpendicular  to  the  arc  bisecting  the  supplement  of  the 
vertical  angle  is  constant,  and  equal  to 

sin  '^  i  (&  +  c)  —  sin  «  A  a . 

Page  48,  §  21 It  is  evident  that  any  arc,  passing  through  a 

fixed  point,  and  cutting  a  spherical  conic  and  the  polar  arc  of  the 
fixed  point,  will  be  harmonically  divided. 

Page  50,  §  28. — If  a  plane  quadrilateral  be  circumscribed  about 
a  circle,  the  angles  which  two  opposite  sides  subtend  at  the  centre 
will  be  supplemental.     Hence  we  derive  the  following  theorems : 

A  spherical  quadrilateral  being  cir-  A  spherical  quadrilateral  being  in- 

cumscribed  about  a  spherical  conic,  if  scribed  in  a  spherical  conic,  if  arcs  be 

arcs  be  drawn  from  the  pole  of  one  of  drawn  from  one  focus  to  the  four  points 

its  cyclic  arcs  through  the  four  vertices  in  which  the  four  sides  meet  the  eorres- 

of  the  quadrilateral,  so  as  to  meet  that  ponding   director   arc,    the   portion   of 

cyclic  arc,  the  arcs  drawn  to  two  adja-  that  arc  included  between  two  adjacent 

cent  vertices  of  the   quach-ilateral  will  sides  of  the  quadrilateral  will  subtend 

include  between  them  a  portion  of  the  at  the  focus  an  angle  supplemental  to 

cyclic  arc  supplemental  to  that  included  that  subtended  by  the   portion   of  the 

between  the  two  remaining  arcs.  director  arc  included  between  the  two 

other  sides. 
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Page  50,  §  29. — From  the  theorems  in  this  article  we  may  de- 
duce two  others,  which  are  most  powerful  instruments  in  discussing 
questions  of  spherical  geometry. 

It  is  easj^  to  show  that  if  four  arcs  diverging  from  the  same  point 
o  be  cut  in  the  points  a,  b,  c,  d,  by  any  fifth  arc,  we  shall  always  have 

sin  AB  sin  CD       sin  aob  sin  cod 


sin  AD  sin  BC       sin  aod  sin  bog 

or,  as  M.  Chasles  designates  it,  the  anliarmonic  relation  of  the  four 
points  is  the  same  as  that  of  the  four  arcs. 

Hence  we  arrive  at  the  following  theorems  : 

(1.)  Iffromfourfixedpointsonasphe-  If  four  fixed  tangent  arcs  be  drawn 

rical  conic  arcs  be  drawn  to  any  fifth  to  a  spherical  conic,  any  fifth  tangent 
point  on  the  ciu-ve,  their  anharmonic  arc  will  cut  them  in  four  points,  the 
relation  will  be  constant.  anharmonic  relation  of  which  wiU  be 

constant. 

The  first  of  these  theorems,  or  rather  its  converse,  may  often  be 
used  with  success  when  we  have  to  investigate  the  locus  described  by 
the  vertex  of  a  spherical  triangle, two  of  whose  sides  pass  through  two 
fixed  points  P,  p',  whilst  it  also  fulfils  some  other  conditions.  Let  c,  c', 
c",  c'",  be  four  positions  of  the  vertex;  then,  if  we  can  show  that  the 
anharmonic  relation  of  the  arcs  PC,  PC',  PC'',  PC"',  is  the  same  as  that 
of  the  arcs  p'c,  p'c',  p'c",  p'c'",  it  follows  that  the  locus  of  c  will  be  a 
spherical  conic  passing  through  the  points  p,  p'. 

And  in  like  manner,  the  second  theorem  may  be  employed  as  ad- 
vantageously in  ascertaining  the  envelope  of  the  base  of  a  spherical 
triangle,  two  of  whose  angles  a,  b,  are  on  given  arcs  L,  l',  and  which 
is  further  limited  by  some  other  conditions.  Let  A,  a',  a",  a'",  be  four 
positions  of  one  angle,  and  B,  b',  b",  b'",  the  four  corresponding  posi- 
tions of  the  other,  then,  if  we  can  show  that  the  anharmonic  relation 
of  A,  a',  a",  a"',  is  the  same  as  that  of  b,  b',  b",  b'",  the  six  arcs  ab, 
a'b',  a'^b",  k"','&'",  L,  l',  must  all  touch  the  same  spherical  conic,which 
will  be  the  required  envelope.  In  what  follows  we  shall  give  several 
examples  of  the  application  of  these  principles. 

Six  points,  a,  a',  b,  b',  c,  c',  lying  in  the  arc  of  a  great  circle, 
and  corresponding  to  each  other  two  by  two,  are  said  to  be  in  invo- 
lution, when  the  anharmonic  relation  of  four  of  them  is  the  same  as 
that  of  their  four  conjugates  : 

For  instance,  if  the  anharmonic  relation  of  A,  B,  c,  c',  is  the  same 
as  that  of  a',  b',  c',  c,the  three  couples  of  points  a,  a',  b,  b',  c,c',  are  in 
involution.  And  it  may  be  proved  that  if  this  relation  holds  for  one 
set  of  four  points  and  their  conjugates,  it  will  also  hold  for  any  other  : 
that  is,  if  the  anharmonic  relation  of  a,  b,  c,  c',  is  the  same  as  that  of 
a',  b',  c',  c,  we  shall  also  have  the  anharmonic  relation  of  a,  b,  c,  b', 
the  same  as  that  of  a'  b',  c',  b,  and  so  on. 

Again, from  the  definition  wliichhas  been  given  for  the  involution 
of  six  points,  it  may  be  shown  that  if  there  be  three  or  more  couples 
of  points  such,  that  the  first  two  couples,  taken  along  with  any  other 
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couple,  form  a  system  in  Involution,  any  three  of  these  couples  will 
likewise  form  a  sytem  in  involution. 

Tiiree  couples  of  arcs  which  pass  through  the  same  point  are  said 
to  be  in  involution,  if  the  anharmonic  relation  of  any  four  of  them  is 
the  same  as  that  of  their  four  conjugates  :  and  such  a  system  possesses 
properties  analagous  to  those  of  a  system  of  six  points  in  involution. 

Using  the  preceding  definitions  and  properties  of  systems  of 
points  or  arcs  in  involution,  we  may  deduce  the  following  theorems: 

(2.)   A  spherical  quadrilateral  being  A  spherical  quadrilateral  being  cir- 

inscribed  in  a  conic,  any  transversal  cumscribed  about  a  conic,  the  four  arcs 
arc  will  cut  the  curve  and  the  four  sides  drawn  to  its  four  vertices  from  any 
of  the  quadrilateral  in  six  points,  which  point  without  the  curve,  taken  along 
are  in  involution.  with  the  two  tangent  arcs  drawn  from 

the   same  point,  form  a  system  of  six 

arcs  in  involution. 

The  theorem  in  the  first  column  maybe  thus  proved.  Let  the  trans- 
versal arc  meet  two  opposite  sides  of  the  quadrilateral,  ad,  be,  in  a,  a', 
the  two  other  sides  ab,  cd,  in  b,  b',  and  the  conic  in  c,  c' ;  then,  by 
the  first  of  the  theorems  (1),  the  anharmonic  relation  of  the  four  arcs 
drawn  from  a  to  d,  c,  b,  c',  is  the  same  as  that  of  the  arcs  drawn  from 
c  to  b,  c',  d,  c  ;  therefore  the  anharmonic  relation  of  the  points  a,  c,  B, 
c',  is  the  same  at  that  of  a',  c',  b',  c  ;  hence  the  points  a,  a',  b,  b', 
c,  c',  are  in  involution. 

From  the  preceding  we  may  successively  deduce  the  following 
pairs  of  theorems: 

(3.)  Two  spherical  conies  being  cir-  Two  spherical  conies  being  inscribed 

cumscribed  about  a  spherical    quadri-  in   a   quadrilateral,   four    tangent  arcs 

lateral,  any  transversal  arc  of  a  great  drawn  to  them  from  the   same  point, 

circle  meets  the  two  curves,  and  also  together  with  the  two  arcs  drawn  from 

two  opposite  sides  of  the  quadrilateral  the  same  point  to  two  opposite  vertices 

in  six  points,  which  are  in  involution.  of  the  quadrilateral,  form  a  system  of 

six  arcs  in  involution. 

(4.)  Three  spherical  conies  being  Three  spherical  conies  being  in- 
circumscribed  about  the  same  quadrila-  scribed  in  the  same  quadrilateral,  the 
teral,  any  transversal  arc  of  a  great  six  tangent  arcs,  drawn  to  them  from 
circle  meets  the  three  curves  in  six  any  point,  will  form  a  system  of  six 
points,  which  are  in  involution.  arcs  in  involution. 

Page  51,  §  32. — To  the  theorems  contained  in  this  section  we 
may  be  permitted  to  add  the  following,  which  are  derived  from  known 
properties  of  the  circle. 

(1)  The  angle  which  an  arc  of  a  circle  subtends  at  the  centre  is 
double  of  that  which  it  subtends  at  any  point  in  the  remaining  part  of 
the  circumference.     Hence, 

If  from  two  fixed  points  on  a  spheri-  If  any  tangent  arc   be  drawn  to  a 

cal  conic  arcs  be  drawn  through  any  spherical  conic,   intersecting  two  fixed 

third   point    on  the    curve,    they   will  tangent  arcs  in  two  points,  and  through 

include  between  them,  on  one  of  the  these  points  arcs  be  di-awn  to  one  of  the 
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cyclic  arcs,  a  portion  which  will  be 
the  half  of  that  included  between  two 
arcs  di-awn  from  the  two  fixed  points 
through  the  pole  of  the  cyclic  arc. 


foci  of  the  conic,  they  will  contain  be- 
tween tliem  an  angle  which  will  be  the 
half  of  that  contained  between  the  two 
vector  arcs  drawn  to  the  points  of  con- 
tact of  the  fixed  tangent  arcs. 


(2.)  The  portion  of  a  tangent  to  a  circle  intercepted  between 
two  fixed  tangents,  subtends  a  constant  angle  at  the  centre.   Hence 


If  two  fixed  tangent  arcs  be  drawn 
to  a  spherical  conic,  and  any  third  tan- 
gent arc  be  drawTi  meeting  them  in  two 
points,  the  arcs  passing  through  these 
two  points  and  through  the  pole  of  a 
cyclic  arc,  will  intercept  on  that  cyclic 
arc  a  portion  of  a  constant  length. 


If  from  two  fixed  points  in  a  spheri  - 
cal  conic  arcs  be  drawn  to  any  third 
point  on  the  curve,  and  produced  to  meet 
one  of  the  director  arcs,  they  will  in- 
tercept between  them,  on  that  director 
arc,  a  portion  which  will  subtend  a 
constant  angle  at  the  corresponding 
focus. 


(3.)  If  from  any  point  in  a  given  right  line  tangents  be  drawn  to 
a  given  circle,  they  will  make  with  the  given  right  line  angles  the 
product  of  the  trigonometric  tangents  of  whose  halves  is  constant. 
Hence, 


If  from  any  point  in  a  fixed  arc  two 
arcs  be  drawn  touching  a  given  spheri- 
cal conic,  they  will  intersect  either  of 
its  cyclic  arcs  in  two  points,  such  that 
the  pi'oduct  of  the  trigonometric  tan- 
gents of  the  halves  of  their  distances 
from  the  point  in  which  the  fixed  arc 
meets  the  given  cyclic  arc  will  be  con- 
stant. 


If  through  a  fixed  point  on  the  sur- 
face of  the  sphere  any  arc  be  drawn 
meeting  a  spherical  conic  in  two  points, 
the  arcs  drawn  from  either  focus  to 
these  two  points  Avill  make,  with  the 
arc  drawn  from  the  same  focus  to  the 
given  point,  two  angles,  the  product  of 
the  trigonometric  tangents  of  whose 
halves  will  be  constant. 


(4.)  If  any  right  line  be  drawn  through  a  fixed  point  in  the 
plane  of  a  given  circle,  intersecting  it  in  two  points,  the  radii  drawn 
to  these  points  will  make  angles  with  the  radius  passing  through 
the  given  point  such  that  the  product  of  the  trigonometric  tangents 
of  their  halves  will  be  constant.     Hence  we  derive  the  two  follow- 


ing theorems  : 


If  any  arc  be  drawn  through  a  fixed 
point,  intersecting  a  given  splierical 
conic  in  two  points,  the  arcs  drawn 
through  these  two  points  and  through 
the  fixed  point  from  the  pole  of  one  of 
the  cyclic  arcs  of  the  conic  will  meet 
that  cyclic  arc  in  three  points,  such  that 
the  product  of  the  trigonometric  tan- 
gents of  the  halves  of  the  distances  of 
the  first  two  from  the  third  will  be 
constant. 


If  from  any  point  in  a  fixed  arc 
tangent  arcs  be  drawn  to  a  given 
spherical  conic,  and  arcs  be  drawn 
from  one  of  the  foci  to  the  points  in 
which  these  tangent  arcs  meet  the 
corresponding  director  ai'c,  these  vec- 
tor arcs  will  make,  with  the  vector  arc 
drawn  to  the  point  in  which  the  fixed 
arc  meets  the  director  arc,  two  angles, 
the  product  of  the  trigonometric  tan- 
gents of  whose  halves  will  be  constant. 


(5.)   A  plane  triangle  being  inscribed  in  a  circle,  if  from  any 
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point  p  in  the  circumference  right  lines  va,  vb,  vc,  be  drawn,  re- 
spectively meeting  the  three  sides  bc,  ca,  ab,  and  making  with  them 
equal  angles  on  the  same  side  of  the  lines  pa,  vb,  vc,  then  the  three 
points,  a,  b,  c,  will  lie  in  the  same  straight  line.     Hence, 


If  the  three  sides,  a,  6,  c,  of  a  spheri- 
cal triangle  inscribed  in  a  conic,  be 
successively  produced  to  meet  one  of 
the  cyclic  arcs  in  the  points  a,  (3,  y,  and 
equal  portions  aX,  (3/x,  yv,  be  measured 
on  the  cyclic  arc  in  the  same  direction, 
arcs  drawn  from  the  points  X,  /i,  v, 
through  any  point  on  the  curve  wiU 
meet  the  sides  a,  b,  c,  in  three  points 
lying  in  the  arc  of  a  great  circle. 


From  the  three  vertices  of  a  spheri- 
cal triangle  abc  circumscribed  about  a 
conic,  if  arcs  be  drawn  to  one  of  the 
foci  F,  and  three  other  vector  arcs  rl, 
Tin,  Fn,  be  drawn  so  that  the  angles 
afI,  uFjn,  CFii,  may  be  equal  and  lie  at 
the  same  side  of  the  arcs  fa,  fb,  fc  ; 
these  three  arcs,  fZ,  fjb,  fw,  will  meet 
any  tangent  arc  in  three  points  I,  m,  n, 
such  that  the  arcs  aZ,  Bm,  C7i,  wiU  pass 
thi'ough  the  same  point. 


Page  51,  §  33.— Two  right  lines  and  a  fixed  point  being  given, 
if  a  constant  angle  be  made  to  turn  round  this  point  as  vertex,  the 
right  line  joining  the  points  in  which  its  sides  meet  the  two  given 
right  lines  will  envelope  a  conic  section  (p.  62,  iii.  1).     Hence, 


If  a  variable  spherical  angle  turn 
round  a  fixed  point  on  the  surface  of  a 
sphere  so  as  to  intercept  between  its 
sides  a  constant  segment  on  a  given  arc, 
the  arc  joining  the  points  in  which  its 
sides  meet  two  other  fixed  arcs  will 
envelope  a  spherical  conic  touching 
those  two  fixed  arcs. 


If  a  constant  sjsherical  angle  turn 
round  a  given  point  as  vertex,  tlie  arcs 
joining  tlie  points  in  which  its  sides 
meet  a  fixed  arc  with  two  other  fixed 
points  will  intersect  in  a  point,  the 
locus  of  which  will  be  a  spherical  conic 
passing  through  those  two  fixed  points. 


Page  53,  §  38 — The  theorems  contained  in  this  article  might 
be  stated  more  generally  as  follows  : 


If  two  arcs  be  made  to  turn  round 
two  fixed  points  on  a  spherical  conic, 
so  as  to  intersect  in  any  third  point  of 
the  curve,  the  arc  joining  the  points  in 
which  they  respectively  meet  two  fixed 
arcs  wiU  envelope  a  spherical  conic 
touching  these  two  fixed  arcs. 


Two  fixed  tangent  arcs  being  drawn 
to  a  spherical  conic,  any  third  tangent 
arc  will  intersect  them  in  two  points, 
and  the  arcs  respectively  drawn  through 
these  points  and  through  two  fixed 
points  will  intersect  in  a  point  the  locus 
of  which  will  be  a  spherical  conic  pass- 
ing through  the  two  fixed  points. 


The  principles  stated  in  page  78  furnish  us  with  easy  proofs 
of  these  theorems  ;  that  in  the  first  column  may  be  proved  thus  : 
Let  p,  p',  be  the  two  fixed  points  ;  c,  c',  c",  c'",  four  other  points 
on  the  curve ;  then,  since  the  anharnionic  function  of  the  arcs  pc, 
pc',  pc",  PC"',  is  the  same  as  that  of  p'c,  p'c',  p'c'',  p'c'",  the  an- 
harnionic function  of  the  four  points  A,  a',  a'',  a'",  in  which  pc, 
pc',  pc",  PC."',  intersect  one  given  arc,  will  be  the  same  as  that  of 
the  four  points  b,  b',  b",  b'",  in  which  p'c,  p'c',  p'c",  p'c'",  meet 
the  other  given  arc ;  therefore,  the  arcs  ab,  a'b',  a"b",  a'"b'",  are 
tangents  to  a  spherical  conic  touching  the  two  given  arcs. 

M 
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The  theorem  in  the  second  cohmin  might  be  similarly  proved, 
or  we  may  infer  it  from  the  first  by  reference  to  the  supplementary 
cone. 

Page  53,  §  39.— Since  the  arc  which  bisects  any  angle  of  a 
spherical  triangle  divides  the  opposite  side  into  segments,  the  sines 
of  which  are  proportional  to  the  sines  of  the  conterminous  sides, 
we  infer  from  the  theorem  in  this  article,  that 

If  the  base  of  a  spherical  triangle  be  If  the  vertical  angle  of  a  spherical 
given,  and  also  the  ratio  of  the  sines  of  triangle  be  given,  and  also  the  ratio  of 
the  two  remaining  sides,  the  locus  of  the  sines  of  the  two  remaining  angles, 
the  vertex  will  be  a  spherical  conic,  the  base  will  envelope  a  spherical  conic, 
whose  cyclic  arcs  will  be  in  the  two  whose  foci  will  be  the  extremities  of  the 
planes  perpendicular  to  the  radii  of  the  radii  of  the  sphere  perpendicular  to  the 
sphere  drawn  to  the  points  which  di-  planes  of  the  two  arcs  which  divide  the 
vide  the  given  base  internally  and  ex-  given  vertical  angle  internally  and  ex- 
t«rnaUy,  so  that  the  sines  oi  the  seg-  ternally,  so  that  the  sines  of  the  seg- 
ments may  be  in  the  given  ratio.  ments  may  be  in  the  given  ratio. 

Page  53,  §  40. — The  theorem  in  the  second  column  shows  that 
if  the  base  of  a  spherical  triangle  be  given,  and  also  the  product  of 
the  cosines  of  the  two  remaining  sides,  the  locus  of  the  vertex  will 
be  a  spherical  conic. 

Page  53,  §  42.— To  the  theorems  given  by  M.  Chasles  in  this 
section,  we  may  add  the  following: 

(1).  The  chord  in  a  circle  joining  the  extremities  of  two  radii 
which  contain  between  them  a  constant  angle  envelopes  a  circle 
concentric  with  the  given  one.  From  this  property  of  the  circle  we 
derive  the  following  theorems  relative  to  spherical  conies. 

A  spherical  conic  and  one  of  its  cyclic  A  spherical  conic  and  one  of  its  foci 

arcs  being  given,  if  round  the  pole  of  being  given,  if  round  that  focus,  as  ver- 

this   cyclic  arc,   as  vertex,  a  spherical  tex,  a  constant  spherical  angle  be  made 

angle  of  variable  magnitude  be  made  to  to  turn,  and  from  the  points  in  which 

turn,    whose    sides  intercept    between  the  sides  of  this  angle  meet  the  director 

them  on  the  cyclic  arc  a  portion  of  a  ai-c  corresponding   to  the  given  focus 

constant    length,    the    arc  joining    the  two  tangent  arcs  be  di-awn  to  the  given 

points  in  which  the  sides  of  the  niovca-  conic,  their  point  of  concourse  will  ge- 

ble  angle  meet  the  given  conic  Avill  en-  nerate  a  second  spherical  conic, 
velope  a  second  conic. 

The  given  cyclic  arc  will  be  a  cyclic  The  given  focus  will  be  a  focus  of  the 

arc  of  the  new  conic  ;  and  this  arcVill  new  conic  ;   and  the  corresponding  di- 

have  the  same  pole  with  relation  to  the  rector  arc  will  be  the  same  for  the  two 

two  curves.  curves. 

(2).  If  right  lines  be  drawn  from  two  fixed  points  in  the  circum- 
ference of  a  circle  through  the  extremities  of  any  diameter,  they 
will  intersect  in  a  point  the  locus  of  which  will  be  circle,  which 
passes  through  the  two  lixed  points,  and  whose  centre  is  the  pole  of 
the  right  line  joining  them.  Hence  we  (ierive  the  following 
theorems. 
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A  sphei'ical  conic  and  one  of  its 
cyclic  arcs  being  given,  if  ares  be  drawn 
from  two  fixed  points  on  the  curve  to 
the  extremities  of  any  ai"c  passing 
through  the  pole  of  that  cyclic  arc, 
and  terminated  by  the  cui-ve,  they  will 
intersect  in  a  point  the  locus  of  which 
will  be  a  second  spherical  conic. 

The  given  cyclic  arc  will  be  a  cyclic 
arc  of  the  new  conic,  and  its  pole,  with 
relation  to  that  curve,  will  be  the  same 
as  the  pole,  with  relation  to  the  given 
conic,  of  the  arc  joining  the  two  fixed 
points. 


A  spherical  conic  and  one  of  its  foci 
being  given,  if  tangent  arcs  be  drawn 
to  the  emwe  from  any  point  in  the  cor- 
responding director  arc,  the  arc  joining 
the  points  in  which  these  tangent  arcs 
meet  two  fixed  tangent  arcs  will  en- 
velope a  second  spherical  conic. 

The  given  focus  will  be  one  of  the 
foci  of  the  new  conic,  and  its  corres- 
ponding director  arc,  for  that  curve,  will 
be  the  arc  joining  the  points  of  con- 
tact of  the  two  fixed  tangent  arcs. 


(3).  The  principles  stated   in  page  78  furnish  us  with  easy 
proofs  of  the  following  theorems  : 


In  a  spherical  triangle,  if  the  base 
and  the  difference  of  the  base  angles 
be  given,  the  locus  of  the  vertex  will 
be  a  spherical  conic,  passing  through 
the  extremities  of  the  given  base. 


In  a  spherical  triangle,  if  the  verti- 
cal angle  and  the  difference  of  the  sides 
containing  it  be  given,  the  base  will 
envelope  a  spherical  conic  touching  the 
two  sides  which  contain  the  given  angle. 


(4).  If  two  tangents  to  a  parabola  intersect  at  a  constant  angle, 
the  radii  vectores  drawn  from  the  focus  to  the  two  points  of  contact 
will  also  contain  between  them  a  constant  angle.  But  in  any  cotitc 
section  the  point  of  concourse  of  the  tangents  at  the  extremities  of 
two  focal  radii  vectores,  which  contain  between  them  a  constant 
angle,  will  generate  a  conic  section,  (see  page  62,  iii.  2).  Hence 
we  derive  the  following  very  general  properties  of  spherical  conies  : 


If  two  tangent  arcs  to  a  given  spheri- 
cal conic  intercept  between  them  a 
segment  of  a  constant  length  on  a  fixed 
tangent  arc  to  the  curve,  their  point  of 
concourse  will  generate  a  second  spheri- 
cal conic. 

If  the  segment  intercepted  on  the 
fixed  tangent  be  a  quadrant,  the  point 
of  concourse  of  the  two  tangent  arcs 
will  move  along  an  arc  of  a  great  circle. 


If  a  constant  spherical  angle  tura 
round  a  fixed  point  on  a  given  conic, 
as  vertex,  the  arc  joining  the  points  in 
which  its  sides  meet  the  curve  will 
envelope  a  second  spherical  conic. 

If  the  constant  spherical  angle  be  a 
right  angle,  the  arc  which  it  subtends 
in  the  spherical  conic  will  pass  through 
a  fixed  point. 


(5).  From  the  theorem  in  the  second  column  it  appears  that  if  a 
constant  angle  turn  round  a  fixed  point  on  a  conic  section  as  vertex, 
the  chord  which  it  subtends  will  envelope  a  second  conic  section. 
Hence  we  deduce  the  following  theorems  : 


If  a  variable  spherical  angle  turn 
round  a  fixed  point  on  a  spherical  conic 
so  that  the  segment  intercepted  between 
its  sides  on  a  fixed  arc  may  be  of  a 
constant  length,    the   arc   joining    the 


If  a  constant  spherical  angle  turn 
round  a  fixed  point  as  vertex,  and  if 
from  the  points  in  which  its  sides  meet 
a  fixed  tangent  arc  to  a  given  spherical 
conic  two  arcs  be  cb-awn  touching  the 
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points  in  which   these  sides  meet  the     curve,  their  point  of  concourse  will  ge- 
conic  will  envelope  a  second  spherical     nerate  a  second  spherical  conic, 
conic. 

(6).  Again,  from  the  second  of  these  latter  theorems  we  learn, 
that  if  a  constant  angle  turn  round  a  fixed  point  in  the  plane  of  a 
conic  section  as  vertex,  and  if  from  the  points  in  which  its  sides 
meet  a  fixed  tangent  two  other  tangents  be  drawn  to  the  curve,  their 
point  of  concourse  will  generate  a  second  conic  section.  From  this 
we  deduce  the  following  theorems  : 

If  a   variable    spherical  angle   turn         If   a  constant  spherical  angle  turn 

round  a  fixed  point  on  the  surface  of  a  round  a  fixed  point  on  the  surface  of 

sphere  so  that  the  segment  intercepted  a  sphere,  and,  from  the  points  in  which 

between  its  sides  on  a  fixed  arc  may  be  its  sides  meet  a  fixed  arc,  two  arcs  be 

of  a  given  length,  and  if,  from  the  points  drawn    to    a    fixed    point   on   a  given 

in  which  its  sides  meet  a  fixed  tangent  spherical   conic,   the    arc    joining    the 

arc  to  a  given  spherical  conic,  two  other  points  in  which  these   two  arcs  meet 

tangent   arcs  be  drawn   to  the   curve,  the  cm've  will  envelope  a  second  spheri- 

their  point  of  concourse  will  generate  cal  conic, 
a  second  spherical  conic. 

As  before,  we  might,  from  the  theorem  in  the  second  column, 
deduce  a  property  of  the  plane  conic  sections,  and  from  it  in  turn 
derive  a  pair  of  theorems  relating  to  spherical  conies.  In  fact  there 
is  no  limit  to  the  number  of  theorems  which  might  be  obtained  in 
this  way. 

Page  58,  §  56. — The  following  theorems,  which  are  more  ge- 
neral than  those  given  by  M.  Chasles  in  this  article,  may  be  proved 
by  means  of  the  principles  laid  down  in  page  78. 

If  any  two  spherical  angles,  each  of  If  along  two  fixed  arcs  any  two  seg- 

invariable  magnitude,   turn  round  two  nients,   each   of  invariable   magnitude, 

fixed  points  as  vertices,  so  tliat  two  of  be  made  to  move,  so  that  the  arc  join- 

their  sides  intersect  on  a  given  spheri-  ing  two  of  their  extremities  may  be  a 

cal  conic  passing  through  the  two  fixed  tangent  to  a  given  spherical  conic  which 

points,  the  point  of  intersection  of  their  touches   the    two    fixed  arcs,  the    arc 

two  other  sides  will  generate  a  spheri-  joining  their  two  other  extremities  will 

cal  conic,  which  will  pass  through  the  envelojJC  a  spherical  conic  which  will 

two   fixed    vertices    of   the    moveable  touch  the  two  fixed  arcs  along  which 

angles.  the  segments  move. 

The  first  theorem  may  be  pi-oved  in  the  following  manner  : 
Let  p,  p',  be  the  two  fixed  points  round  which  the  constant 
angles,  mpc,  mp'c,  turn  ;  let  M,  m',  m",  m'",  be  four  points  on  the 
given  conic,  and  c,  c',  c",  c'",  four  positions  of  the  point  the  locus 
of  which  is  sought.  Then,  since  the  angles  mpc,  m'pc',  m"pc", 
m"'pc"',  are  equal,  the  anharmonic  relation  of  the  arcs  pm,  pjr', 
pm",  pm'",  is  the  same  as  that  of  the  four  arcs,  PC,  pc',  pc",  Pc'"  ; 
and  since  the  angles  mp'c,  m'p'c',  m^p'o",  m'"p'c'",  are  equal,  the 
anharmonic  relation  of  the  four  arcs,  p'm,  p'm',  p'm",  f'm'",  is  the 
same  as  that  of  the  four  arcs,  p'c,  p'c',  v'c",  v'c'".    But  by  the  first 
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theorem  given  in  the  note  to  page  50,  §  29,  the  anharmonic  relation 
of  PM,  vm',  pm",  pm'",  is  the  same  as  that  of  p'm,  p'im',  p'm",  p'xM'"  ; 
hence  the  anharmonic  relations  of  the  two  systems  of  arcs  pc,  Pc', 
PC",  pc%  and  p'c,  p'c',  p'c",  p'c'",  are  the  same:  consequently  a 
conic  section  will  pass  through  the  points  p,  p',  c,  c',  c",  c'". 

The  second  theorem  might  be  proved  in  a  similar  manner,  or 
we  may  derive  it  from  the  first  by  means  of  the  supplementary 
cone. 

Page  66,  cap.  viii. — The  theorems  contained  in  this  chapter  are 
deduced  by  M.  Chasles  from  preceding  ones  by  means  of  that  par- 
ticular polar  transformation  in  which  a  parabola  is  used  as  the 
auxiliary  conic. — (See  Quetelefs  Correspondance  Mathematique  et 
Physique,  Tom.  Y.  ^.28\.) 

We  may,  however,  arrive  at  them  without  having  recourse  to 
this  method. 

The  first  follows  immediately  from  the  theorem  given  in  the 
note  to  page  51,  §  33. 

The  second  and  third  are  particular  cases  of  the  theorems  re- 
lative to  the  plane  conic  sections  which  may  be  derived  from  the 
theorems  (5)  and  (6)  first  column,  in  the  note  to  page  53,  §  42. 

Page  68,  cap.  ix.  §  5. — This  theorem,  which  M.  Chasles  ob- 
tains by  a  polar  transformation,  follows  directly  from  that  given  in 
page  63,  cap.  iv.  §  6. 

Page  69,  cap.  x.  §  5. — The  theorem  which  M.  Chasles  here 
gives  for  the  construction  of  the  conic  sections  by  points  admits  of 
a  great  extension. 

If  two  spherical  angles,  tohich  intercept  segments  of  constant 
lengths  on  two  fixed  arcs,  turn  rourd  two  fixed  points  as  vertices,  so 
that  two  of  their  sides  always  intersect  upo7i  a  given  spherical  conic 
passing  through  the  two  fixed  points,  the  point  of  concourse  of  (heir 
two  other  sides  will  generate  a  second  spherical  conic  passing  through 
the  two  fixed  points. 

This  may  be  readily  proved.  For  let  p,  p',  be  the  two  fixed 
points,  and  mpc,  mp'c,  the  two  constant  angles :  let  m,  m',  m",  m"', 
be  four  points  on  the  given  conic,  and  c,  c',  c",  c'",  four  positions 
of  the  point  whose  locus  is  sought,  then  the  anharmonic  relations 
of  the  two  systems  of  arcs,  pm,  pm',  pm",  pm'",  and  pc,  pc',  pc", 
pc'",  must  be  the  same  ;  since  the  angles  mpc,  m'pc',  m"pc", 
m'"pc'",  intercept  equal  segments  on  the  same  arc.  For  a  similar 
reason,  the  anharmonic  relations  of  the  two  systems  p'm,  p'm', 
p'm",  v'm.'",  and  p'c,  p'c',  p'c",  p'c'",  must  be  the  same :  but 
since  the  systems  pm,  pm',  pm",  pm'",  and  p'm,  p'm',  p'm",  p'm'", 
have  the  same  anharmonic  relation,  it  follows  that  the  two  systems 
PC,  pc',  pc",  pc'",  and  p'c,  p'c',  p'c",  p'c'",  must  also  have  the 
same  anharmonic  relation :  so  that  a  spherical  conic  must  pass 
through  the  six  points  p,  p',  c,  c',  c' 


-,// 
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Page  70,  cap.  x.  §  6. — This  last  theorem  may  also  be  ex- 
tended. 

If  two  spherical  angles  of  constant  magnitudes  be  made  to  turn 
round  two  fixed  jtoints^  so  that  the  arc  joining  the  points  in  which 
two  of  their  sides  respectively  meet  two  fixed  arcs,  maif  always  he  a 
tangent  to  a  given  spherical  conic  touching  those  two  fixed  arcs,  the 
arc  joining  the  points  in  which  the  two  other  sides  respectively  meet 
the  same  two  arcs  will  envelope  a  second  spherical  conic,  which  will 
also  touch  these  two  fixed  arcs. 

For  let  p,  p',  be  the  two  fixed  points,  round  which  the  constant 
angles  ap«,  bp'/3,  turn;  Aa,  e/S,  being  the  two  fixed  arcs.  Let 
a',  a",  a'",  be  three  other  positions  of  the  point  a,  and  a',  a.",  «.'", 
b',  b",  '&'",  /3',  /S",  ^"',  the  corresponding  positions  of  the  points 
«,  B,  /3 ;  then  the  anharmonic  relations  of  the  two  systems  of  points 
a,  a',  a",  k'",  and  a,  oe! ,  a.",  a!",  are  the  same :  likewise  the  anhar- 
monic relations  of  b,  b',  b",  b"',  and  /3,  /3',  fi" ,  ji'",  are  the  same: 
but  if  ab,  a'b',  a'-'b",  k."'B"',  be  tangents  to  the  same  conic  which 
touches  the  two  arcs  A«,  and  b/3,  the  anharmonic  relations  of  the 
two  systems  a,  a',  k",  x'",  and  b,  b',  b",  b'",  will  be  the  same, 
and  therefore  «,  u',  a,",  a'",  and/3,  /3',/3",/3'",willbe  similar  systems ; 
consequently  the  arcs  a/3,  «'/3',  a"/3",  a!"^"\  must  all  be  tangents  to 
aspherical  conic  which  touches  the  two  arcs  Aa,  b/3. 

The  theorem  just  proved  might  have  been  deduced  from  the  one 
contained  in  the  preceding  note,  by  employing  two  supplementary 
cones. 


APPENDIX. 


ON    THE  APPLICATION  OF  ANALYSIS    TO    SPHERICAL   GEOMETRY. 

§  1. — On  the  Use  of  Spherical  Coordinates. 

As  the  position  of  a  point  on  a  plane  is  determined  by  reference 
to  two  fixed  right  lines,  or  axes  of  coordinates,  in  that  plane,  so  the 
position  of  a  point  on  the  surface  of  a  sphere  may  be  determined  by 
referring  it  to  two  fixed  arcs  of  great  circles. 

Through  a  point  o  on  the  surface  of  a  sphere,  which  we  shall  call 
the  origin,  let  two  fixed  arcs  of  great  circles  ox,  oy,  be  drawn,  and 
let  the  points  x  and  Y  be  90°  distant  from  o  ;  then  if  arcs  be  drawn 
from  Y  and  x  through  any  point  p  on  the  sphere,  and  respectively 
meeting  ox  and  oy  in  m  and  n,  the  trigonometric  tangents  of  the 
arcs  OM,  ON,  are  to  be  considered  as  the  spherical  coordinates  o^  the 
point  p,  and  we  shall  denote  them  by  .v  and  y.  To  the  fixed  arcs  T 
propose  to  give  the  name  of  ai'cs  of  reference. 

If  the  arcs  ox,  oy,  xn,  ym,  be  projected,  by  means  of  radii  of 
the  sphere,  into  right  lines  upon  a  tangent  plane  at  the  point  o,  the 
projections  of  the  arcs  xn,  ym,  will  be  respectively  parallel  to  the 
projections  of  ox  and  oy;  consequently,  the  projections  of  the  arcs 
OM,  ON,  which  are  the  trigonometric  tangents  of  those  arcs,  or  the 
spherical  coordinates  of  the  point  p,  are  the  rectilinear  coordinates, 
in  the  tangent  plane,  of  the  projection  of  the  point  p;  the  axes  of 
coordinates  being  the  projections  of  the  arcs  of  reference.  This 
consideration  leads  to  an  important  consequence,  viz.  :  that  an  equa- 
tion of  the  n'*  degree  between  the  spherical  coordinates  x  andy  repre- 
sents a  curve  formed  by  the  intersection  of  the  sphere  with  a  cone  of 
the  71*''-  degree  having  its  vertex  at  the  centre  of  the  sphere. 

Each  side  of  such  a  cone  would  meet  the  surface  of  the  sphere 
in  two  points  diametrically  opposite,  which,  however,  will  have  the 
same  spherical  coordinates  since  tan  Szrtan  (180°  +  6)' 

Thus  the  equation  of  the  first  degree  between  x  and  ?/ represents 
an  arc  of  a  great  circle.  An  equation  of  the  second  degree  repre- 
sents a  spherical  conic,  and  so  on. 

In  what  follows,  for  the  sake  of  simplicity,  I  shall  suppose  the 
arcs  of  reference  to  be  at  right  angles  to  each  other.  In  this  case 
the  arcs  pm,  pn,  are  perpendicular  to  ox  and  0Y%  and  I  call  such  a 
system  of  spherical  coordinates  rectangular. 
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§  2. —  The  Equation  of  an  Arc  of  a  great  Circle. 
The  equation  of  the  first  degree  between  .r  and  y  may  in  general 
be  written  in  the  form 

«.r-|-/3j/=:l.  (1) 

The  great  circle,  represented  by  this  equation,  meets  the  arcs  of 
reference  in  two  points,  the  cotangents  of  whose  distances  from  the 
origin  are,  aj  and  /3.  Hence,  denoting  the  coordinates  of  the  pole  of 
this  great  circle  by  x'  and  y',  we  shall  have 

*■'=  —  «  and  / 1=  —  /3.  (2) 

It  appears  from  this  that  if  «  and  /3,  instead  of  being  fixed,  are 
merely  connected  by  an  equation  of  the  first  degree,  the  great  circle 
(1)  will  turn  round  a  fixed  point.  If  the  equation  connecting  «  and 
ji  be  of  the  second  degree,  the  great  circle  will  envelope  a  spherical 
conic.  And,  in  general,  if  as  and  /3  be  connected  by  an  equation  of 
the  n'>'  degree,  the  great  circle  will  envelope  a  spherical  curve  to 
which  n  tangent  arcs  may  be  drawn  from  a  point  without  it.  For 
the  pole  of  this  great  circle  will  generate  a  curve  formed  by  the  in- 
tersection of  the  sphere  with  a  cone  of  the  w^''  degree,  and  as  a 
transversal  arc  of  a  great  circle  may  meet  this  curve  in  n  points,  the 
great  circle  (1)  may  assume  n  different  positions  whilst  it  passes 
through  the  same  point. 

But  the  general  equation  of  the  first  degree  may  be  written  in 
the  form 

y  ==  mx  -\-  71  (3) 

and  it  is  desirable  to  explain  the  geometric  meaning  of  the  constants 
7?^and  n.  As  to«,  it  is  evidently  the  coordinate  of  the  point  in  which 
the  great  circle  (3)  meets  the  y  arc  of  reference. 

If  we  take  another  great  circle  whose  equation  is  r/  =  mx,  and 
seek  the  coordinates  of  the  point  in  which  this  great  circle  meets 
the  circle  (3),  we  should  find  infinite  values  for  x  and  y.  These 
two  great  circles  will  therefore  intersect  on  the  great  circle  of  which 
the  origin  is  the  pole  :  and,  consequently,  in  the  equations  of  two 
arcs  of  great  circles  y  zzi  mx  -j-  «,  y  =  m'x  -\-  n',  if  m  :=:  m',  these 
two  arcs  will  pass  through  the  same  point  in  the  great  circle  of 
which  the  origin  is  the  pole.  Another  geometric  meaning  may  be 
given  to  the  constant  m:  for  «  and  y3  are  evidently  proportional  to 
the  cosines  of  the  angles  which  the  arc  (1)  makes  with  the  arcs  of 

reference,  and  m  ^ . 

The  equation  of  an  arc  of  a  great  circle  passing  through  a  fixed 
point  x',  y',  is 

y  —  y'-=zm  {x  —  x')  (4) 

where  vi  is  indeterminate ;  and  the  equation  of  the  great  circle 
passing  through  two  given  points  x',  y',  and  x",  y",  is 
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y-y'  __  y"  -y'  .^. 

X  —  x'        x"  —  x' 

^  3.  To  express  the  Distance  between  two  Points  on  the  Sphere 
in  Terms  of  their  Coordinates  x',  y',  and  x",  y". 

Let  S  be  the  distance  between  the  points  ;  g'  and  e,"  their  dis- 
tances from  the  origin  ;  and  u',  a",  the  angles  which  e,'  and  e,"  make 
with  the  X  arc  of  reference.  Then  we  shall  have  the  following 
equation 

cos  J  rr  cos  ^'  cos  g"  -(-  sin  g'  sin  ^"  cob{u"  —  u'), 

but  we  also  have 

cos  6)'  rr  x'  cot  g'         cos  a>"  zn  x"  cot  §" 
sin  m'  ::z  y'  cot  §'         sin  u"  zzz  y"  cot  g" 

and  by  squaring  these  last  equations  and  adding  them  two  by  two 
we  shall  find 


cos  p'  = and  cos  p"  zrz — 

±  V  1  +  A-'*  -f  ?/'*  ±  V  1  4-  x"^  +  y"-' 

Substituting  from  the  last  six  equations  in  the  preceding  one  we 
obtain, 

1  J^x'x"  -iry'y" 
cos  §  ir:  ,     /— — ■  ''      ■■■■■.  (6) 

±  V  (1  +  .r''^  +  3/'-')  (1  +  x"-^  +  y"') 

From  this  we  get  the  following  formulae  which  are  more  generally 
useful, 

sin  s  =  ±  \/^''"  ~  ""^^  +  ^y"  ~  y'^'' + ^""'y"  ~  """'^'^^  a) 

y      (\j\^  x'-^  +  tj'i)  ( 1 4-  x"^ + 3/"^) 


1  ^.v'x''  +y'y"  '   ^  ^ 

The  last  three  formulae  have  double  signs,  because  they  give 
the  distance  of  the  point  x' ,  y\  from  the  point  diametrically  opposite 
to  x",  y" ,  as  well  as  from  the  point  x",  y"  itself.  And  it  must  also 
be  remembered  that  two  points  on  the  surface  of  a  sphere  may  be 
joined  by  two  different  arcs  of  great  circles,  which  taken  together 
make  up  the  whole  circumference  of  a  great  circle. 

§  4 To  express  the  Length  of  the  Arc  A,  draivn  from  a  given 

Point  x',y' ,  at  right  Angles  to  the  Arc  of  a  great  Circle  whose  Equa- 
tion is  ux  -\-  /Byz:zl, 

The  required  arc  is  the  complement  of  the  distance  of  the  given 
point  from  the  pole  of  the  given  circle,  whose  coordinates  are  —  «, 
and  —  /3  ;  substituting  these  vahies  for  x" ,  y"  in  (6)  we  find, 

N 
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1  —  u.v'  —  ay' 

§  5. —  To  express  the  Angle  6  between  two  Arcs  whose  liquations 
are  ax  -\-  (iyzzz  I  and  a!  x  +  ^'y=^  1 . 

Since  the  angle  between  the  arcs  is  equal  to  the  distance  between 
their  poles,  we  find  from  (6) 

COS  5=  ■_,     , ■.  (10) 

This  formula  shows  that  the  two  arcs  will  be  at  right  angles  to 
each  other  if 

1 +  a«'+/3^'  =  o.  (11) 

§  6. —  To  find  the  Equation  of  the  great  Circle  passing  through 
the  Point  x\  y\  and  perpendicular  to  the  Arc  whose  Equation  is 
ux  ■\-  fiy z=.\ . 

The  great  circle  whose  equation  is  required  must  pass  through 
the  pole  of  the  given  great  circle,  as  well  as  through  the  point 
x\y'  \  hence  from  (5)  it  appears  that  its  equation  will  be 

y^:^^it±jL,  (12) 

X  —  x'         a-\-  x' 

§  7. —  Transformation  of  spherical  Coordinates. 

Spherical  coordinates  may  be  transformed  by  assuming  a  new 
origin  and  new  arcs  of  reference.  It  is  not,  however,  very  easy  to 
establish  the  general  formulae  which  enable  us  to  pass  from  any  one 
system  of  spherical  coordinates  to  another.  I  have  investigated 
these  formulae  and  will  furnish  them  on  another  occasion,  having 
at  present  no  need  to  employ  any  but  the  simplest  modes  of  trans- 
formation. In  the  first  place,  the  formulae  which  are  to  be  used,  in 
passing  from  one  system  of  rectangular  coordinates  to  another, 
whilst  the  origin  remains  the  same,  are 


„' ^.1 


X z=z X  cos  a—  y  sui  «  r, q\ 

y=^y'  cos  « -|-  ^■'  sin  a  ^     ^ 

a  being  the  angle  between  the  given  and  the  new  reference  arcs  of 
X.  This  becomes  evident  if  we  pi-ojectthe  two  systems  of  arcs  of 
reference  into  right  lines  upon  the  tangent  plane  at  the  common 
origin.  Next,  we  may  change  the  origin,  whilst  the  reference  arc  of 
X  remains  the  same  ;  the  new  system  of  coordinates  as  well  as  the 
given  one  being  rectangular.  The  formulae  for  this  transformation 
are 

x'  4-  tan  a       y'  sec  a  . 

^  ~~  1  —  x'  tan  a  ^  ~~  1  —  x'  tan  a*  ^     ' 

where  a  denotes  the  distance  between  the  two  origins. 
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To  prove  this,  let  ox,  oy,  be  the  given  arcs  of  reference,  and 
o'x,  o'y,  tlie  new  ones ;  and  from  any  point  p  draw  arcs  pm,  pn, 
pn',  respectively  perpendicular  to  ox,  oy,  o'y;  then,  as  the  arc  pm 
passes  through  y 

tan  yjn'       cos  pyn'  cos  o'm 


tan  YN        cos  PYN        cos  (oo'  -f-  o'm)  ' 

hence,  since  cot  yn,  cot  yn'  are  respectively  equal  to  y  and  ij' 
oo'  :^  «,  and  tan  o'm  -zr.  x',  we  get 

y'  sec  K 

y—  -^ 


/:. 


\  —  x'  tan  (/'  .' '/ 

also,  since  cm  zr. oo'  +  o'm,  >  ^^^ 

tan  oo'  +  tan  o'm   /  y 

tan  om  ■=! : ; ;—  ;  /   . 

1  —  tan  oo  tan  o  m       ' .  ^ 

therefore  .  ' 

x'  +  tan  u  ''/ ' } 

1  —  X  tan  a  /  ^  ■ 

In  like  manner,  if  we  wished  to  transfer  the  origin  to  a  point  on  the 
y  arc  of  reference,  that  arc  being  still  retained,  and  the  new  system 
of  coordinates  being  rectangular,  we  should  have  to  use  the  for- 
mulae, 

x'  sec  /3  y'  4-  tan  /3  ,.f,. 

1  -  ?/'  tan  /3      ^        1  -  y'  tan  /3  ^     ^ 

where  /3  denotes  the  distance  between  the  origins. 

§  8. — A  Curve  on  the  Surface  of  the  Sphere  being  represented 
by  an  Equation  between  spherical  Coordinates,  to  determine  the 
Equation  of  the  great  Circle  touching  it  at  a  given  Point  x',  y'. 

The  equation  of  a  great  circle,  passing  through  the  points  x' ^  y', 
and  x",  y",  on  the  curve,  is 

y-y'  ^y"  -y' . 

and  '\i  x",y"  approach  indefinitely  near  to  .r',  y,  this  equation  be- 
comes 

This  is  the  equation  of  the  tangent  arc  at  the  point  x\  y' :  we  may 
put  it  into  the  following  symmetrical  form  : 

'^<iy'  ,  y^^^''  _  1  /|7) 

.v'((^'  _  y'dx'  "^  y'dx'  -  x'dy'  '  ' 
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The  formulae  (16)  and  (17)  will  evidently  hold  good  whether 
the  arcs  of  reference  be  rectangular  or  not. 

§  9 — To  determine  the  Equation  of  the  normal  Arc  to  a  sphe- 
rical Curve  at  a  given  Point  x',  y'. 

It  appears  from  (12)  that  the  equation  of  the  arc  passing  through 
the  point  .«■',  y,  and  perpendicular  to  the  arc  whose  equation  is  (17) 
will  be 

(y —  y)  [«^i/'4-'«''  {x'dij  —y'dx'y]  4-  {x  —  x')\dx''\-y'  {y'dx'  —  x'dy')']-=^o   (18) 

This  is  the  equation  of  the  normal  arc  at  the  point  x' ,  y' .     The  co- 
ordinates in  this  last  formula  are  supposed  to  be  rectangular. 

§  10 — The  spherical  evolute  of  a  curve  described  on  the  surface 
of  the  sphere  is  the  locus  of  the  point  in  which  two  consecutive 
normal  arcs  to  the  curve  intersect.  In  finding  the  spherical  evolute, 
we  may  follow  a  course  exactly  analogous  to  that  by  which  we  inves- 
tigate the  evolutes  of  plane  curves.  We  must  take  the  equation 
of  the  normal  arc  (18)  and  differentiate  it  with  respect  to  x'  and 
y' :  supposing  a;  and  y  to  be  constant;  the  resulting  equation  may 
be  written  in  the  form 

(^  -  2/')  W  +  ^'  (^'d'y'  -  y'd'a;')  +  (x'dy'  -y'dx')dw'V 
+  (.V  -  ,v')  [d'-x'  +  y  (y'd'-x'  -  x'd^y')  +  {yUU  -  x'dy')  dy']  1(19) 
=  dx''  +  dy'"-  +  (x'dy'  -  y'dx'f  \ 

From  this  and  the  equation  of  the  normal  arc  (18)  we  find 

jdx^-^dy"^  +  {x'dy  —  y'dx'Y']  [dx  +  y'  (y'dx  —  x'dy')'] 


(dx-d^y'—dy'd'^x')  {l^x'^^y'^)^{xdy'-y'dx)  {dx'^+dy  '^^{x'dy'-y'dx'f) 

X  —  x'  zzz 

\_dx"^  +  dy"'  -f  {x'dy'  —  y'dx"'']  jdy  +  .r' {x'dy  —  y'dx')] 

{dy'cPx'-dx'd'y') ( \J^x''J^y'^y^{y'dx—x'dy')^dx'^Jrdy'-'^{-rdi/^7d7J)  j 


(20) 


By  these  last  equations  taken  along  with  that  of  the  given  curve 
and  its  first  and  second  differentials,  we  may  eliminate  x',  y' ,  d.v', 
dy',  dKv',  dHj' ;  and  the  resulting  equation  between  x  and  y  will 
be  the  required  equation  of  the  spherical  evolute. 

§  11  —  To  determine  the  Circle  of  the  Sphere  tvhich  osculates  a 
spherical  Czirve  at  a  given  Point  x',  y'. 

The  spherical  coordinates  of  the  centre  of  the  osculating  circle 
are  evidently  the  x  and  y  in  formula;  (20).  To  ascertain  the  mag- 
nitude of  this  circle  we  must  have  recourse  to  tlie  formula  (8), 
from  which  we  find  the  tangent  of  the  arc  joining  the  points  .»',  ?y, 
and  .r',  y .     In  the  formula'  (20)  let  us  put  for  shortness, 
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dx''  +  dy'^  4-  {x'dy'  —  ij'dx'y  =  a, 

dx'dy  —  dy'd\i'  =  B, 

8(14-  ^''*  -J-  f')  +  {x'di}'  —y'dx')  A  —  c, 

then  we  shall  find  from  them 

B(14-.^•^^4-y)J/H-Ar^.^^^      ^.  _  b(1 +.^^^4-/^)  .r^-A^/y 

•^  c  '  c  ^"  ^ 

and 

A  (x'dx'  4-  ?/'f^yO 
yx'  —  xy'  =:  -^ L_Z_£_L. 

Hence, 

c  (1  +  XX'  +yy')  =  c-A(x'dy' -y'dx')  +  b  (1  +  x'-'+y'')(x''+y'^') 

^B^l^x'-^+y'J. 
Also, 

c^  [  (x'-xf  +  Q/'-yy-{-  (a:y'-yx'y2  =  a^  (1  +  ^"  +  y")- 
Therefore,  if  y  be  the  arc  joining  the  points  x,  ?/,  and  x' ,  y' , 


tan  y  zr 


aI 


B{l+x'-Jry'^)l 
Idx''  4-  dy'^  4  {x'dy  -ydxfj 


\(2'2) 


(1  4-  x"'  4  y'^)l  {dx'd'y'-dy'd'x')' 


This  remarkable  formula,  exactly  analogous  to  that  which  expresses 
the  radius  of  the  circle  osculating  a  given  plane  curve  at  the  point 
x',  y',  might  be  obtained  from  the  equation  of  a  circle  of  the  sphere 
by  the  following  method.  It  appears  from  formula  (6)  that  the  equa- 
tion of  a  circle  of  the  sphere,  whose  spherical  radius  is  y,  and  the 
coordinates  of  whose  centre  are  x",  y",  is 

1  4  xx"  4-  mi" 
cosy—  ^  •^'' 


now  this  equation  may  be  written  in  the  form 


ax^hy^a—^\^  .r*  4 y\  (23) 

where 


a^  4  i^  4  c-  rr  sec 


V, 


and  in  order  that  the  circle,  whose  equation  is  (23)  may  osculate  a 
given  spherical  curve  at  the  point  ,r',  ?/',  we  must  be  able  to  change 
X  and  y.,  into  x'  and  ?/',  both  in  the  equation  (23)  and  in  its  first  and 
second  differentials.  Thus,  «,  h,  c,  arc  completely  determined  from 
the  three  equations 
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r(.v'  +  %'  +  c  =  Vl  +  x''  +y-, 

vi  +  .v'^  +  y^ 

(.I'V^U-'  -\-y'd'y')  (1  +  .r'-^  4- 7/'^)  +  dx"  +  (/^'"^  +  {x'dy'-y'dx'Y 

Hence,  using  the  abbreviations  employed  in  the  preceding  investiga- 
tion, we  obtain 

_  B  (1  4-  .*■'«  4-  yO  ■«'''- AC?/ 
B  ( 1  4-  .r'^  4-  y'-)  y'  4-  A(?a' 

—  B(l+.f'^4-y'>  ' 

_  B  ( 1 4-  .f'^  4-  ?/'0  +  A  (.*■%'  -y'dx>) 

and  these  three  equations  give  us,  since 

a2  4_6^_j.c'— IrztanV, 


a 


tanV  r= 


B^(l+.t-+y^)= 


§  12. —  To  find  the  differential  of  the  Arc  of  a  S2:>herical  Curve. 
The  equation  (7)  may  be  put  into  the  form 

__  /(x"—x')  *  4-  jy" -y')  M-  {x'  ( y" -y')  -y'  jx"  -  x>)Y 

sin  S  _  ±  y  (T+T.^  y'^)  ( 1  +  .r''^  +  y"^)  ' 

therefore,  if  we  use  ds  to  denote  the  differential  of  the  arc  of  a  sphe- 
rical curve,  we  shall  have 

_  Vdx'^-  4-  dy^  4-  (x'dy'-y'd.i^' 

This  expression  enables  us  to  present  the  equation  (22),  which  gives 
the  tangent  of  the  radius  of  the  osculating  circle,  in  a  new  form, 

'^"  ^  -  -  -dTd^-dyuK^-  (^^> 

^  13. —  On  the  Use  of  polar  Coordinates  in  spherical  Geometry. 

in  the  analytic  geometry  of  the  plane,  polar  coordinates  may 
sometimes  be  employed  more  advantageously  than  rectilinear  ones  : 
so,  it  is  sometimes  most  convenient  to  express  the  position  of  a  point 
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on  the  surface  of  the  sphere  by  means  of  the  vector  arc  s?  drawn  to 
it  from  a  fixed  point  s,  and  tlie  angle  Psx  between  this  vector  arc 
and  a  fixed  arc  passing  through  s. 

The  following  formula),  in  which  g  denotes  the  arc  SP,  and  u  the 
angle  psx,  are  those  most  commonly  used  in  applications  of  the  me- 
thod of  spherical  polar  coordinates. 

A  curve  being  represented  by  an  equation  between  §  and  a,  it 
may  be  required  to  find  the  angle  5  between  the  vector  arc  sp  and 
an  arc  of  a  great  circle  touching  the  curve  at  the  point  P.  This  may 
be  readily  done.  For,  let  a  vector  arc  be  drawn  to  another  point  Q, 
on  the  curve  infinitely  near  to  P ;  and  from  Q  let  an  arc  QT  be  drawn 
perpendicular  to  SP  :  then 

QT 

tan  QPT  =  — . 

PT 

But  ultimately  qpt  =:  0,  qt  ^:  sin  g  da^  and  pt  ■=.  d^,  hence  we  ob- 
tain the  desired  formulae 

sm  pdu  ,^^ 

tan  6  =  — 5 (26) 

Since  qp  is  ultimately  the  differential  of  the  arc  ds,  we  find 

ds=±V  sin^g  (/*-"-  -f  d^K  (27) 


and 


,     „        sin  pdu  ,„o. 

sm  G  =1  — -, (28) 

ds 


From  (28)  we  obtain  an  expression  for  the  arc  p,  drawn  from  s 
pej'pendicular  to  the  tangent  arc  at  P. 

sin'-g  dcj ,     . 

=t=  V   sin'g  rf«^  4- rfg^ 

Next,  we  may  find  the  area  of  the  elementary  spherical  triangle 
whose  base  is  qp,  the  differential  of  the  arc,  and  whose  vertex  is  the 
pole  s.    The  known  formula 

tan  i  a  tan  i  6  sin  c 

tan  i  (area)  in  t— ; — -r -> 

^  ^        ^        1  +  tan  ^  «  tan  ^  0  cos  c 

which  gives  the  area  of  a  spherical  triangle  in  terms  of  two  sides  and 
the  included  angle,  becomes,  when  we  substitute  g  for  a  and  b,  and 
du  for  c, 

area  z=  2  sin'igffftirz  (1— cosg)  «?<y.  (30) 

An  elegant  expression  may  be  obtained  for  the  radius  of  the  oscu- 
lating circle  in  terms  of  ^  and  p.  Let  c  be  the  centre  of  this  circle, 
let  y  be  its  radius,  and  let  the  arc  sc  be  denoted  by  S :  then,  using 
the  notation  already  established,  we  shall  have 
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COS  §  r=  cos  g  cos  y  -|-  sin  g  sin  y  sin  ^, 
or, 

cos  §  rr  cos  g  cos  y  -\-  sm  p  sin  y, 

and  this  equation  may  be  differentiated  on  the  supposition  that  d  and 
y  remain  constant.     Thus  we  obtain 

sine  dp  ,„,^ 

tany  = L4.,  (31) 

cos  p  dp 

If  we  differentiate  (29),  considering  a  as  the  independent  vari- 
able, we  shall  find  cos p  dp  in  terms  of  g  and  a  ;  so  that  we  arrive 
finally  at  the  following  equation  which  gives  the  tangent  of  the  radius 
of  the  osculating  circle  in  terms  of  g  and  «, 

,an  y  =  -. ±0^r,',.U+''e)i (32) 

(sm'^Q  COS ^dai'^  -j-  2  cos g</g'^— sing rf'^g)f?«  ^ 

§  14 Mode  of  passing  from  rectangular  to  polar  spherical 

Coordinates. 

To  effect  this  change  we  have  only  to  put 

X  z::  tan  g  cos  u,  and  y  zr  tan  g  sin  a>.  (33) 

From  these  equations  we  may  deduce  the  following  formula  which  is 
often  useful, 

xdy-ydx 

§  15. — Quadrature  of  a  sjyherical  Curve  given  by  an  Equation 
between  rectangular  spherical  Coordinates. 

We  may  derive  from  (34)  and  (30)  a  formula  for  the  quadrature 
of  a  spherical  curve,  which  is  given  by  an  equation  between  rectan- 
gular spherical  coordinates. 

area  r=  ^Lzlil  _  f '^Ull-'  (35) 

J      .i-^  +  7/^  J(.f'i+y)   ^l  +  A-i  +  jy* 

The  portion  of  the  sphere  whose  area  is  determined  by  this  last  for- 
mula is  included  by  an  arc  of  the  curve  and  two  arcs  of  great  circles 
drawn  to  its  extremities  from  the  origin.  But  we  may  derive  from 
(30)  a  formula  for  the  quadrature  of  spherical  curves  more  analagous 
to  that  which  is  ordinarily  employed  in  the  quadrature  of  plane 
curves. 

Let  PM,  p'm',  be  two  arcs  drawn  perpendicular  to  ox  from  two 
consecutive  points  on  the  curve.  It  is  to  be  observed  that  the  letters 
here  employed  refer  to  the  construction  indicated  in  §  1.  Then  the 
area  of  the  elementary  spherical  quadrilateral  pmm'p',  which  we  shall 
consider  as  the  differential  of  the  area  of  the  curve  described  by  P, 
may  be  easily  found.     For,  Y  being  the  pole  of  ox,  since  the  area  of 
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the  elementary  spherical  triangle  pyp'  is  by  (30)  equal  to 

(1— cospy)  mm'^  (1— sin  pm)  mm', 
it  appears  that  the  area  of 

pmm'p'  z:z.  sin  pm.mm'. 

Now 

^  V 

sin  PM  zr  sin  ^  sin  « 
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v/l+.i-^4-7y^' 


and 


therefore, 


dx 

T 


mm'  =r  (/  (tan)  — Kr  rr:  -; , 

^      '  14-  x' 


vd.v 
area  —  ' 


^  C J^!^f .  (36) 

Jn  4..*-'^)  J\  J^x'^Jrxf- 


§  15. — Equation  of  a  spherical  Conic  in  rectangular  Coordi- 
nates. 

Any  equation  of  the  second  degree  between  the  spherical  coor- 
dinates X  and  y,  represents  a  spherical  conic. — (See  §  1.)  But  in 
order  to  obtain  the  equation  of  a  spherical  conic  in  a  simple  form, 
we  may  take  its  principal  diametral  arcs  for  the  arcs  of  reference. 
The  equation  of  the  conic  referred  to  them  will  be 

ay  _|.  h\v''  =:  a'^hS  (37) 

where  a  and  h  are  the  tangents  of  the  distances  of  the  origin  from 
the  points  in  which  the  curve  meets  the  x  and  y  arcs  of  reference. 

After  what  has  been  said  in  §  1,  it  is  scarcely  necessary  to  give 
any  detailed  proof  of  this.  For,  if  the  conic  and  its  diametral  arcs 
be  projected  by  means  of  radii  of  the  sphere  upon  a  plane  touching 
the  sphere  at  the  centre  of  the  conic,  the  projection  of  the  curve 
will  be  an  ellipse  having  for  Its  semiaxes  the  lines  a  and  h,  which  are 
the  projections  of  the  principal  semidiametral  arcs  of  the  spherical 
conic.  Moreover,  the  equation  of  the  spherical  conic  is  identically 
the  same  as  that  of  the  ellipse  referred  to  its  principal  axes.  It  will 
be  convenient  to  denote  the  greatest  and  least  semidiametral  arcs,  or 
as  I  shall  henceforth  call  them,  semidiameters  of  the  conic  by  a,  and 
/3,  so  that  rt  :=:  tan  a,  J  =  tan  /3.  We  may  define  the  foci  of  the 
conic  as  two  points  on  the  greatest  diameter,  whose  distances  from 
the  centre,  -j-  V  ^"^l  —  y,  are  determined  by  the  equation 

cos  a 

cos  7  =: .  (ooj 

cos  /3 


From  this  relation  we  find 
sInV      a''  — If   tanV_    a'  — &' 


ci'       tan*«6      d\  I  +  ¥) 

o 


^sin^2y_(a°— fc^)(l+6^)    ..^. 
-,  and  =:^ •   -39) 


98  APPENDIX. 

These  three  quantities 

siny     tany         ,  sinSy 

-. , »  and  -^— -, 

sine*     tan£«  sniJa 

as  we  shall  see  presently,  will  be  found  to  appear  in  theorems  and 
formulae  relating  to  spherical  conies,  in  place  of  the  excentricit}' 
which  we  meet  in  the  theory  of  the  plane  conic  sections.  I  shall  de- 
note them  respectively  by  e,  s,  and  s'. 

If  in  the  formula?  already  given  for  the  transformation  of  coordi- 
nates (14)  we  make  «  =  90",  they  \vould  become 

1  ,  y' 

X  z=z ;,  and  w  = . 

x'  ^  X' 

Substituting  these  values  of  x  and  y  in  (37),  and  removing  the  ac- 
cents from  x'  and  y',  we  should  obtain  the  equation 

o^&^r-  -  a"-y^z=h% 

which  is  that  of  a  spherical  conic  ;  the  y  and  x  arcs  of  reference 
being  the  great  circles  respectively  lying  in  the  principal  plane,  and 
in  the  plane  of  the  greatest  section  of  the  cone  whose  generatrices 
are  the  radii  drawn  to  all  the  points  of  the  conic. 

Transferrins;  the  origin  from  the  centre  to  the  vertex  at  the  extre- 
mity  of  the  greatest  diameter,  by  putting  —  a  for  tan  x,  in  lormulse 
(14),  we  should  find  for  the  equation  of  the  conic 

If  «  =  1,  that  is,  if  the  greatest  diameter  of  the  curve  be- 
comes a  quadrant,  the  last  equation  loses  the  term  involving  x'^,  and 
the  curve  becomes  what  Mr.  Davies  calls  a  spherical  parabola. 

The  quantity  —  appears  to  hold  the  same  place  in  the  theory 

of  the  spherical  conies  that  it  does  in  that  of  the  plane  conic  sections. 
It  may  be  called  the  principal  parameter,  and  denoted  by /». 

Transferring  the  origin  from  the  centre  to  the  focus,  by  putting 
±  y  for  et  in  formulae  (14)  and  afterwards  removing  the  accents  from 
x'  and  y',  we  should  obtain  the  equation  of  a  spherical  conic  in 
the  following  form, 

Now,  this  equation  represents,  not  only  the  spherical  conic,  but  also 
the  plane  curve  formed  by  the  intersection  of  the  tangent  plane  at 
the  focus  with  the  cone  Avhose  generatrices  are  the  radii  of  the 
sphere  drawn  to  all  the  points  of  the  conic  :  and  it  is  evident  from 
the  form  of  equation  (42)  that  this  plane  curve  will  be  a  conic  section 
having  its  focus  at  the  point  of  contact,  its  semiparamctcr  equal  to  p, 
and  its  cxcentricity  equal  to  s'. 
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Making  ,v  :=  0  in  (4'2),  wc  shall  find  that  the  tangent  of  the  arc, 
drawn  from  the  focus  to  the  curve,  and  perpendicular  to  the  greatest 
diameter,  is  equal  to  half  the  principal  parameter. 

Again,  without  resorting  to  the  formula  (22),  wo  may  show  that 
the  tangent  of  the  radius  of  the  small  circle  osculating  the  conic 
at  the  extremity  of  the  greatest  diameter,  is  half  the  principal  para- 
meter. In  order  to  prove  this,  1  must  premise  the  following  propo- 
sition. 

If  an  arc  k  be  drawn  from  any  point  in  the  circumference  of  a 
small  circle  of  the  sphere,  perpendicular  to  a  fixed  diametral  arc  d  of 
the  circle,  and  dividing  it  into  two  segments  s  and  s',  we  should 
always  have 

,  sin  «  sin  s' 

tan^k  =: ^p— —  : 

cos-^  a 

tan  -k 

and  the  value  of--—: ,  when  k  and  s'  are  both  =  0,  is  evidently 

2  sm  s' 

tan  ^  d. 

Hence,  if  the  equation  of  a  spherical  curve  be  given  in  rectan- 
gular coordinates,  the  arcs  of  reference  being  the  tangent  and  normal 
arcs  at  a  point  on  the  curve,  we  should  obtain  the  tangent  of  the 
radius  of  the  circle  of  the  sphere  which  osculates  the  curve  at  the 

if 
origin  by  finding  the  value  of  ^,  when  a;  and  7/  are  each  m  0. 

Applying  this  pi-inciple  to  the  spherical  conic,  represented  by  the 
equation  (4l),  we  should  find  the  tangent  of  the  radius  of  the  circle 
osculating  the  conic  at  the  origin  to  be  equal  to  half  the  principal 
parameter. 

§  16. — Polar  Equation  of  a  spherical  Conic. 

The  polar  equation  of  a  spherical  conic  referred  to  its  centre  as 
pole  may  be  obtained  from  (37)  by  the  method  stated  in  §  14.  We 
thus  find  it  to  be 

i—e^  cos^» 


which  also  gives 


sin^e=r-^"^^.  (41) 

^        l-e'-*  cos'''^  ^     ' 


It  appears  from  (43)  that  the  sum  of  the  squares  of  the  cotan- 
gents of  two  rectangular  semidiameters  is  constant. 

Equation  (44)  shows  that  the  orthographic  projection  of  a  sphe- 
rical conic,  upon  a  plane  touching  the  sphere  at  the  centre  of  the 
conic  will  be  an  ellipse. 

Hence,  if  arcs  pm,  pn,  be  drawn  from  a  point  on  a  spherical 
conic  perpendicular  to  its  greatest  and  least  diameters,  we  should 
have 
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sin'PN       sin'^PM        ,  ,  ,^. 

—. h —■ =!•  (^^) 

It  would  not,  however,  be  advantageous  in  general  to  take  the 
sines  of  the  arcs  drawn  from  a  point  on  the  sphere  perpendicular  to 
two  fixed  rectangular  arcs  as  the  spherical  coordinates  of  that  point. 

Using  these  coordinates,  and  calling  them  x  and  Y,  we  should 
find  that  the  equation  of  a  great  circle  was  of  the  second  degree, 
viz. : 

x«                   2XY                    Y* 
1 1 — : =  1, 

,'i^        '      tan  -,   tan  /?       '      sin"^/? 


sin'^a         tan  «  tan /3        sui"^/3 

where  a  and  /3  denote  the  distances  of  the  origin  from  the  points  in 
which  the  great  circle  meets  the  arcs  of  reference. 

The  polar  equation  of  a  spherical  conic  referred  to  its  focus  as 
pole  is  found  from  (42)  to  be 

tan  g  =  yqi^JL—.  (46) 

^         1±  s'cosw 

We  infer  from  this,  that  if  any  arc  be  drawn  through  the  focus  of  a 
spherical  conic,  meeting  the  curve  in  two  points,  the  sum  of  the 
trigonometric  cotangents  of  the  arcs  lying  between   the  focus  and 
these  two  points  will  be  constant. 
It  is  easy  to  show  tliat 

tan-|S cos  2y  —  cos  2u 

tan  ce  sin  2« 

Equation  (46)  may  therefore  be  put  into  the  following  form, 

cos  2y  —  cos  2x 

tan  g  =r  _/   ,— .  (47) 

sm  2«  ±  sm  2y  cos  «  ^      ' 

If  we  investigate  by  polar  coordinates  the  locus  of  a  point  on  the 
surface  of  a  sphere  the  sines  of  whose  distances  from  a  fixed  point  on 
the  sphere  and  a  fixed  arc  are  always  in  the  ratio  of  in  to  1,  we 
should  find  for  the  equation  of  the  locus 

rnsin^ 

tan  g  = ^ ,  4S) 

I  —  m  cos  d  cos  u 

where  3  is  the  distance  of  the  fixed  point  from  the  fixed  arc. 
Comparing  this  ecpiation  with  (46)  we  have 


so 


that 


7n  sin  §  =:  i  /),  and  m  cos  i§  =  e', 

*/4  =  ;  jr  +  ='  ,   and  tan  ^  —  ^,  (40) 


2'/ 


APPENDIX.  101 

§  17. — Equations  of  the  cyclic  Arcs  ofaspheridal  Conic' ' 
A  spherical  conic  being  formed  by  ihe  intersection  of  the  sphere 
with  a  cone  of  the  second  degree,  ha»'ing  its  vertex  'at  the  centre  of 
the  sphere,  the  cyclic  arcs  of  this  conic  are  the  great  circles  whose 
planes  are  parallel  to  two  subcontrary  circular  sections  of  the  cone. 
Consequently,  if  a  plane  be  drawn  touching  the  sphere  at  the  pole  of 
one  of  these  great  circles,  it  will  intersect  the  cone  in  a  circle.  Now, 
the  equation  of  that  circle  in  the  tangent  plane  is  the  same  as  that  of 
the  spherical  conic,  if  the  point  of  contact  be  made  the  origin  of 
rectangular  coordinates  in  both  cases.  Further,  we  may  assume 
that  the  poles  of  the  cyclic  arcs  are  on  the  least  diameter  of  the 
conic.  The  question  of  finding  the  cyclic  arcs  is,  therefore,  reduced 
to  this, — to  transfer  the  origin  of  rectangular  spherical  coordinates 
from  the  centre  of  the  conic  to  a  point  in  its  least  diameter,  that 
diameter  being  retained  as  the  y  arc  of  reference,  and  the  new  coor- 
dinates being  rectangular,  so  that  in  the  transformed  equation  x"^  and 
y^  may  have  the  same  coefficient.  In  order  to  effect  this  we  must 
use  the  formulae  (15)  for  the  transformation  of  coordinates,  putting 
%|/  in  them  instead  of  /3,  so  as  to  avoid  ambiguity,  and  then  determine 
■v|/  by  the  condition  that  the  coefficients  of  x^  and  y-  may  be  equal. 
We  thus  obtain 

«^  -  y 


6^(1 +  a^) 


Hence,  we  find  the  equations  of  the  cyclic  arcs  of  a  conic  given  by 
the  equation 

a^y"^  J^b^x":=za^b^, 
to  be 


y  =  —  ,     —^ —  (50) 

Denoting  by  <J)  the  angle  between  one  of  the  cyclic  arcs  and   the 
greatest  diameter,  we  get  from  this,  since  (p  -^  ■'pzz:  90°, 

tany         ,    ,  sin  (3 

cosfflnz ,  and  sm  ffl  =r -^ .  C5n 

tan  a  su)  «  ^     '' 

These  equations  show  that  if  two  spherical  conies  have  the  same 
cyclic  arcs,  the  quantity  s,  in  their  polar  equations  (44)  referred  to 
the  centre  as  pole,  will  be  the  same  for  both:  consequently,  the 
ratio  of  the  sines  of'  those  semidiamcters  of  tivo  hiconcyclic  conies 
which  make  equal  angles  with  the  greatest  diametral  arc  will  he 
constant:  and  hence,  if  two  hiconcyclic  conies  be  projected  orthogra- 
jihically  upon  a  plane  touching  the  sphere  at  their  common  centre, 
the  projections  ivill  be  two  similar,  similarly  placed,  and  concentric 
ellipses. 
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§  18. — Equ'tiion  af  the  great  Circle  touching  a  spherical  Conic 
at  a  giuen  Point  .v',  ?/'. .     < 

Tho  cqustioh  01  the  sphsrical  conic  referred  to  its  principal  dia- 
meters being 

a«  f  +  &«  ^5  =  a^  b\ 

we  find  from  (16)  the  equation  of  the  tangent  arc  at  the  point  a-',  /, 
to  be 

a^y'y  Jc  b"  x'  x  =  a^  &-.  (52) 

Hence,  also,  we  may  prove,  in  the  same  way  as  the  similar  result  is 
arrived  at  in  the  theory  of  the  plane  conic  sections,  that  if  tangent 
arcs  be  drawn  to  a  conic  from  a  point  without  it,  x'l  y',  the  equation 
of  the  arc  joining  the  points  of  contact  will  be 

a^y'y  J^¥x'  x-=.a''b\  (53) 

Since  X  and  y  may  be  interchanged  with  x'  and  y',  without  alter- 
ing the  form  of  the  equation  (53),  it  must  also  represent  the  locus 
of  the  point  of  concourse  of  the  two  tangent  arcs  drawn  to  a  conic  at 
the  points  where  any  arc  passing  through  a  fixed  point  x',  y',  meets 

the  curve. 

The  arc  touching  the  conic  at  the  point  x',  y',  meets  the  prin- 
cipal diameters  of  the  conic  in  points,  the  tangents  of  whose  distances 

o*  &* 

from  the  centre  are  —  and  — :  call  these  x  and  Y,  and  we  shall  have, 
x'         y' 

smcea''y"-\-b'x''  —  aH\ 

x*  b'i  +  Y*  a*  =r  x«  y'-. 

This  shows  that  the  spherical  conic,  the  tangents  of  whose  prin- 
cipal semidiameters  are  x  and  Y,  will  pass  through  the  point  whose 
coordinates  are  a  and  b. 

^  19 Conjugate  Diameters  of  a  spherical  Conic. 

Conjugate  diameters  of  a  spherical  conic  are  those  each  of  which 
passes  through  the  pole  of  the  other  with  relation  to  the  conic.  The 
poles  of  both  of  them  are  evidently  on  the  great  circle  whose  pole  is 
the  centre  of  the  conic. 

From  what  has  been  said  in  §  1,  with  reference  to  the  meaning 
of  the  constants  in  the  equation  oi  an  arc  of  a  great  circle,  it  appears 
that  the  diameter  whose  equation  is 

a^y'  y^  6*  x'  x  z=z  0,  (54) 

is  conjugate  to  the  diameter  drawn  to  the  point  x',  y',  and  whose 
equation  is  therefore, 

x'y-y'x  —  0: 
for  it  meets  the  great  circle  whose  pole  is  the  centre  of  the  conic  in 
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the  same  point  that  the  tangent  arc  at  the  point  x',  y,  meets  that 
same  circle. 

Any  two  conjugate  diameters  of  a  spherical  conic  will  evidently 
make  with  the  greatest  diameter  two  angles  the  product  of  whose 

tangents  is  constant  and  equal  to -. 

The  diameter  conjugate  to  that  which  passes  through  the  point 
.v',  ?/,  on  the  conic,  will  meet  the  curve  in  two  points  whose  coordi- 
nates x'^,  y,  are  found  from  the  equations  (34)  and  (37)  to  be 

.V"  =  ±  ?  y',  and  y"  =r  ±  -  a'\  (55) 

b  -^  --  a  ^ 

Let  us  denote  the  semidiameter  drawn  to  the  point  x',  y',  by  9', 
and  the  semiconjugate  diameter  by  r'\  then  as  tan'^r^zzo;''^  +i/"^ 
we  shall  have 

a' y'- +  b^  .v'i  ,^^^ 

tan^r''  —     •-       \ .  (56) 

The  equation  of  the  tangent  arc  at  that  extremity  of  the  conju- 
gate diameter,  for  which  the  coordinates  are 

a  b         . 

x"  :zn  —  y- 7/',   and  y"  :=:  —  *•',  is  x' y—y'x  zz.  ab.         (57) 

It  may  be  observed  that  since 

A-AJ  4-  x"-"  =  a\  and  y'^  +  y'"-  =  bS 

the  sum  of  the  squares  of  the  tangents  of  two  conjugate  scmidia- 
meters  of  a  spherical  conic  is  constant. 

§20. —  To  determine  the  lengths  of  the  Arcs  drawn  from  the 
Centre  or  Focus  perjJendicular  to  Tangent  Arc  at  the  Point  x^,  y'. 

Let  X  be  the  arc  drawn  from  the  centre,  perpendicular  to  the 
tangent  arc  at  the  point  x' ,  y' '.  by  the  aid  of  formula  (9)  and  (52), 
we  find 


sin  A  1:= 


^ 


V  a^b^  4-  a'  ?/'■'  +  ¥  x'"  , 

and  K-^S) 

a^  b"- 

tan  X  zz 


.n 


\J  a^y'-  +  b^  X 

The  last  formula  compared  with  (56)  shows  that  tan  r"  tan  A  zn 
ab  :  that  is 

In  a  spherical  conic,  the  product  of  the  trigonometric  tangents  of 
the  perpendicular  let  fall  from  the  centre  of  the  conic  on  a  tangent 
arc,  and  of  the  semidiameter  conjugate  to  that  which  passes  through 
the  point  of  contact,  is  constant. 
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Let  I  be  the  arc  drawn  from  the  focus,  whose  coortlinate  is 
4-  tan  y,  (=  «£,)  perpendicular  to  the  tangent  arc  at  the  point 
x',  y ;  and  let  I'  be  the  arc  drawn  from  the  other  focus,  whose  coor- 
dinate is  —  fls,  perpendicular  to  the  same  tangent  arc.  Then,  from 
formulae  (9)  and  (52),  we  have 

sin  ^  =  —  1  v*^) 

V  (rt^  6'  +  a'  ii"  +  b'  X"-)  ( I  +  a'  i') 

and 

sin^'  =  --=^£i^44£2==.  (GO) 

V  («*  b'  +  a>  y'-  +  6'  x'-')  ( 1  +  a'  e'O 

Now,  the  quantity  a^  &*  +  «*/'  +  b' x'^  may  be  put  into  the  form 
a«  6'2  (1  4-  6'-)  (f6'^  —  i^x"):  consequently, 

sin  ^  sin  V  =  -—; — •.  (Gl) 

1  -j-  «' 

Therefore,  in  any  spherical  conic,  the  product  of  the  sines  of  the 
arcs  drawn  from  the  two  foci  perpendicular  to  any  tangent  arc  is 
constant. 

§  21 A  spherical  Conic   being  represented  by   the  Equation 

a'^y'^  J^  b'^X'z:za-¥,  to  express  the  Distances  g',  g",  of  a  Point 
x',  y't  on  the  Curve  from  the  ttvo  Foci. 

To  accomplish  this  we  have  only  to  put  •=±z  at  and  0,  in  place  of 
x"  and  y",  in  formula  (8) :  we  thus  find 

tan^g'  = ^(T  +  ^.0^ (^^^ 

Now  the  quantity  (x'  —  Uif  +  y'^  (1  +  aU^)  may  be  put  into  the 
form  (a  —  ix'y-,  we  have,  therefore, 

a  —  ix'  ,„^. 

and  in  like  manner 

From  the  form  of  these  two  last  equations  it  is  plain  that 

^'  rr  «—  (tan)  -hx',  and  ^"1=  ^-  +  (tan)i-4,f' ; 
hence 

g'  +  e,"  —  2^.  (65) 

Therefore,  the  sum  of  the  distances  of  any  point  on  a  spherical  conic 
from  the  two  foci  is  constant. 
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It  is  to  be  observed,  that  the  tangent  of  the  distance  of  any  point 
*•',  y't  on  a  spherical  conic  from  either  focus  is  a  rational  function 
of  .*'. 

Had  we  employed  formula  (7)  instead  of  (8)  we  should  have 
found  the  following  values  of  sing'  and  sing",  which  we  shall  have 
occasion  presently  to  refer  to  : 


sill   p' . 

(66) 

V(l+a^s"-)(l+.*-+y^) 

«Jn/'                            "  +  ""' 

(67) 

V(i  4-a*£'^)  (] +.«,-'^4-y^) 

sin  I   sin  V 

sing'         sing"' 

Since 


if  follows  that  the  arcs  drawn  from  the  two  foci  to  any  point  on  the 
curve  make  equal  angles  with  the  tangent  arc  at  that  point. 

Let  &  denote  the  angle  between  either  of  these  vector  arcs  and 
the  tangent  arc  ;  then  we  shall  have 

sin  I  sin  I' 


Hence 


sm  g'  sm  g" 


si„.,=  ^l^+^'+^.  (08) 

§  22 — Equation  of  the  normal  Arc  of  a  spherical  Conic. 

We  find  from  equations  (12)  and  (53)  that  the  equation  of  the 
arc  passing  through  the  point  x',  y',  and  perpendicular  to  the  arc 
which  joins  the  points  of  contact  of  the  two  tangent  arcs  drawn  to 
the  conic  from  the  point  .r',  y\  is 

y—y'  _  y'  ^' (^  +  ^')  _  y' ^'""'^  /ggv 

x  —  x'  ~  x'}f-{\  +  ««)  ~  x'  sin'^/S  ■  ^     ' 

If  the  point  x' ,  y',  be  on  the  curve,  this  same  equation  becomes 
that  of  the  normal  arc  at  the  point. 

By  making  y  and  x  successively  :zr  0  in  (69),  we  find  tlie  coordi- 
nates x"  and  3/",  of  the  points  in  which  the  arc  represented  by  equa- 
tion (69)  meets  the  greatest  and  least  diameters  to  be 

o*  -  If-  ,  ¥  —  a' 

.^•^  and/' =  —-—-/.  (70) 


"  a*  (1  -f.  6^)       '  ^     ~  b'  (1  -I-  «*) 

But  the  arc  which  joins  the  points  of  contact  of  the  two  tangent  arcs 
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drawn  to  the  conic  from  the  point  .r',  y',  meets  the  greatest  and 
least  diameters  in  points  whose  coordinates  .r,  and  ?/„  are  given  by 
the  equations 

A\  =  -7,  and  Vi  :=  -7. 

comparing  these  values  with  those  of  x"  and  ^'^  given  in  (70),  we 
have 


x" 

x^ 

r 

+ 

¥ 
¥ 



tau^y, 

y" 

3/. 

ft* 

T' 

— 

a? 

—  sin 

1 

r."} 

h") 


J 

These  last  equations  show,  that  if  two  tangent  arcs  be  drawn  from 
any  point  to  a  spherical  conic,  and  another  arc  be  drawn  from  the  same 
point  perpendicular  to  the  arc  which  joins  the  points  of  contact,  these 
two  arcs,  which  are  at  right  angles  to  each  other,  will  meet  either 
of  the  principal  diameters  of  the  conic  in  two  points,  the  product  of 
the  coordinates  of  which  is  constant. 

Hence,  if  two  tangent  arcs  be  drawn  to  a  spherical  conic,  and  if 
the  arc  joining  the  points  of  contact  touch  a  second  spherical  conic 
which  has  the  same  foci  as  the  first,  the  arc  joining  the  point  of  con- 
course of  the  tangents  to  the  first  conic  with  the  point  of  contact  on 
the  second  curve,  will  be  a  normal  to  the  latter. 

As  a  particular  case  of  the  last  theorem  we  may  deduce  the  fol- 
lowing : 

Any  arc  passing  through  the  focus  of  a  spherical  conic  is  perpen- 
dicular to  the  arc  joining  that  focus  with  the  point  of  concourse  of  the 
tangent  arcs  drawn  to  the  conic  at  the  two  points  in  which  the  arc 
passing  through  the  focus  meets  the  curve. 

It  appears  from  (51),  that  equation  (69)  is  the  same  for  all  sphe- 
rical conies  which  have  the  same  cyclic  arcs.  Hence,  if  tangent  arcs 
be  drawn  to  one  of  two  biconcyclic  conies  from  a  point  on  the  other, 
the  arc  drawn  from  that  point  perpendicular  to  the  arc  joining  the 
points  of  contact  on  the  first  conic,  will  be  a  normal  to  the  other 
curve. 

Equations  (70)  show  that  if  any  number  of  spherical  conies,  which 
have  the  same  cyclic  arcs,  be  cut  by  an  arc  perpendicular  to  either 
of  the  principal  diameters  common  to  all  the  curves,  the  normals  at 
the  points  in  which  this  arc  meets  the  several  conies  will  all  pass 
through  the  same  point  on  that  principal  diameter. 

In  order  to  find  the  length  of  the  normal  arc  v,  drawn  from  the 
point  x',  y',  to  meet  the  greatest  diameter  we  must  put  in  (8) 
y"  z^O,  a,ndi  x"  zz.  i^  x' ',  (see  70)  :  thus  we  obtain 

,  _x>^{\-e-y  +  y"{\-^i'x'^)  ^     . 
tan  y  _  JTl^r^f  ' 
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to  this  expression  we  may  give  an  elegant  and  symmetrical  form  ;  for 

1  -  e^  =  -^  ( 1  +  a^  e*),  and  t/^  =  ?  (a'-      .*■«)  ; 
(I'  tt 

the  numerator  in  the  value  of  tan-c  may,  therefore,  be  written  thus, 

^'  [^--  (I  -  ^^)  (1  +  aW')  +  («^  -  .*-)  (I  +  .^^•'^0], 

CI 

which  is  evidently  equal  to 

Expunging  the  common  factor  1  -j-  t^  x'^,  and  observing  that 

a^  b*  4-  a^  t/'2  +  b*  x'''  =  a^  6^  (1  +  6^)  (a'^  -  e^  ^'*), 

and 

1  +  .,-  +  3/-  =  (1  +  fr^)  ( 1  +  s'^  .r'^),  (72) 


we  obtain  finally 


tan^  = ^ — ^    ^     ^ — .  (73) 

a*(l  +  ^'«+y^)  ^     ' 


In  like  manner  we  find  the  length  of  the  normal  arc   v',  drawn  from 
the  point  .«■',  y',  to  meet  the  least  diameter. 

tan%^=      ,    ^ — ^^—±^ .  (74) 

It  is  evident  that 

tan  V  b'' 

tan »'         «** 

From  equations  (68),   (73),  and  (74)  we  have 

tan  V  sin  6  :zz  ^ p,  and  tan  v'  sin  6  zz.  a. 

Hence,  since  the  angle  between  the  normal  and  either  of  the 
focal  vector  arcs  drawn  to  the  point  *'',  y',  is  the  complement  of  C, 
we  derive  the  following  theorem. 

From  the  points  where  the  normal  to  a  spherical  conic  meets  its 
greatest  and  least  diameters,  if  arcs  be  drawn  perpendicular  to  either 
of  the  focal  vector  arcs  passing  through  the  point  on  the  curve  at 
which  the  normal  is  drawn,  these  arcs  will  cut  off  constant  portions 
from  the  vector  arc. 
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Comparing  equations  (66)  and  (67)  with  (73)  and  (74)  we  find 

tan  V  tan  v'  n  sin  g  sin  ^'  (1  +  or).  (75) 

Let  us  denote  by  ^  the  angle  between  the  normal  and  the  arc 
drawn  from  the  centre  to  the  point  x',  y',  then  we  shall  have 

sin  A  zr  sin  7''  cos  ^,  and  sin  A  tan  y  rr.  b'^  cos  r' ; 

therefore, 

tan  V  tan  r'  cos  ^  rr  6^.  (76) 

Consequently,  if  we  denote  by  |  the  portion  cut  ofif  from  the  normal 
by  a  perpendicular  let  fall  upon  it  from  the  centre,  we  obtain 

tan  V  tan  |  =  ¥,  (77) 

§  23. — Equations  of  the  director  Arcs  of  a  spherical  Conic. 

The  director  arc  of  a  spherical  conic  is  the  locus  of  the  point  of 
concourse  of  the  two  tangent  arcs  drawn  to  the  conic  at  the  points 
where  any  arc  passing  through  the  focus  meets  the  curve. 

The  equations  of  the  director  arcs  corresponding  to  the  two  foci 
are  found  from  (53)  to  be 

x—±-.  (78) 

t 

In  formula  (9),  let  us  make 

/3  =  0,  and  «  rz  ±  -, 

and  it  will  give  for  the  value  of  the  sine  of  the  perpendicular  x  let 
fall  from  the  point  x',  y',   on  the  director  arc 

sin  ,i  zr  ^ .  79) 

V(a^  +  s'^)(l  +  ^''^+yO 

Comparing  this  equation  with  (QQ)  and  (67),  we  see  that  the  sines  of 
the  distances  of  any  point  on  the  conic  from  a  focus  and  the  corres- 
ponding director  arc  are  to  each  other  in  a  constant  ratio.  If  m  be 
the  exponent  of  (his  ratio, 

^  24 Equatinn  of  the  spherical  Conic  supplementary  to  the  one 

represented  by  the  Equation 

a^  f  Jf.  b\v' —  a;  b\ 

The  spherical  curve  supplementary  to  a  given  one  is  the  locus  of 
the  poles  of  all  the  great  circles  which  touch  the  given  curve. 
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The  equation  of  the  tangent  arc  at  the  point  .^•',  ?/',  to  the  conic 
represented  by  the  equation  a'^  if-  -j-  ¥  x^  z=  a-  ¥,  has  been  shown 
to  be 

a'^y'  y  -\-¥  x'  xz=:a^  h^. 
The  coordinates  of  the  pole  of  this  circle  x"  and  y",  are  by  (2) 

Hence,  putting  the  values  of  x'  and  y'  found  from  these  last  equa- 
tions in  rt'^  y'-  -\-  y^  x''^  r=  a?  6*,  and  removing  the  accents  from 
x"  and  //",  as  no  longer  necessary,  we  find  the  equation  of  the  pro- 
posed locus  to  be 

¥y-J^ti'x'^—\;  (82) 

as  the  equation  of  the  given  conic  may  be  written  in  the  form 


u2 


«' 

+  /3  = 

«  +  /3'  = 

90^ 

/  - 

cos  a' 

sin  /3 
sin  « 

=:siu 

<P- 

"  cos  /3' 

V^  X' 

it  is  plainly  supplementary  to  the  conic  represented  by  the  equa- 
tion (82). 

Since  a  >  h,  the  foci  of  the  supplementary  conic  are  on  the 
least  diameter  of  the  given  one.  Let  us  denote  the  greatest  and 
least  semidiaraeters  of  the  supplementary  conic  by  oc'  and  /3',  and 
the  distance  between  its  foci  by  2y' ;  then  we  shall  plainly  have 


so  that 

cosy' 


Therefore,  the  foci  of  the  supplementary  conic  are  the  poles  of  the 
cyclic  arcs  of  the  given  conic  :  and,  since  the  curves  are  mutually 
supplementary,  the  foci  of  the  given  conic  are  the  poles  of  the 
cyclic  arcs  of  the  supplementary  one. 

But  we  may  prove  the  existence  of  a  more  general  relation  be- 
tween the  two  curves  in  the  following  manner  : 

The  equation  of  the  locus  of  the  point  of  concourse  of  tangents 
drawn  to  the  given  conic  at  the  points  in  which  any  arc  passing 
through  the  point  x',  y',  meets  the  curve,  being 

a"  y'  y  J^Jf  x'  X  1=10^  b^  ; 

the  coordinates  of  the  pole  of  this  great  circle  are 

.t'         ,       y' 
--.,and-^. 
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Again,  the  equation  of  the  locus  of  the  point  of  concourse  of 
tangents  drawn  to  the  supplementary  conic  at  the  points  in  which 
any  arc  passing  through  the  point  whose  coordinates  are 


meets  the  curve,  will  be 


x>  X  ^ij'  y  —  -  1; 

and  the  coordinates  of  the  pole  of  this  great  circle  are  x'  and  y'. 

Thus,  we  have  proved  that  to  a  point  and  its  polar  arc,  with 
relation  to  a  given  spherical  conic,  correspond  an  arc  and  its  pole 
with  relation  to  the  supplementary  conic.  It  appears  from  this 
that  to  a  focus  and  its  director  arc  in  a  given  conic,  correspond  a 
cyclic  arc  in  the  supplementary  conic,  and  its  pole  with  relation  to 
that  curve. 

The  two  supplementary  conies  being  thus  connected,  we  are 
able,  when  a  theorem  has  been  proved  with  relation  to  points  and 
arcs  belonging  to  a  spherical  conic,  to  deduce  from  it  at  once 
another  theorem  relating  to  the  corresponding  arcs  and  points  be- 
longing to  the  supplementary  conic. 

§  25. — Evolnte  and  osculating  Circle  of  a  spherical  Conic. 
By  differentiating  the  equation  (37)  twice  we  should  find 

¥  dx' 
y'dx'  —  x'dy'  r= . 

dx>^  +  dy"-  +  {x'dy'  -  y'dxj  = IL^^^  dx'\     (83) 

a  y  • 

dx'  4-  y'  {y'dx'  -  x'dy')  =  (I  +  ¥)  dx' . 

b-  v' 
dy'  +  X'  {x'dy'  -  y'dx')  — ^^  (1  -j-  a«)  dx'. 

u 
dy'd^x'  -dx'd^y'  =  ^~.  (84) 

Making  these  substitutions  in  formulae  (20),  and  observing  that 
a"  ¥  +  a'  7/'2  +  ft4  ^,/-2  _  „^  I,!  ^2  _|_  ^>.>)  (^^2  _  ^,  ^,/2^^ 

and 

( i  +  x'^  +  i/«)  =  ( 1  +  h')  ( 1  +  .»-  .r'O- 
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We  obtain  finally  the  coordinates  of  the  centre  of  the  osculating 
circle 


««  -  6«  .  b'-  -  d 


,2 


So  that  the  equation  of  the  evolute  will  be 

where 

a^  —  &*  ,  y  —  a* 

«'  =  „/i    ■    ;..x>  and  h'  — 


a(l  +  6«)'  ~6(1  +  «')■ 

Substituting  from  (83)  and  (84)  in  formula  (22),  we  get  for  the 
semidiameter  of  the  osculating  circle 

(a*  ¥  +  a*  v'^  4-  h"  x'^)\        tan^i/ 

tan  y  :=  ^^ ^, — :^ — ~  r= , 

a*6^(l -j- ^''^  +  y^)|  jo* 

§  26. — Rectification  and  Quadrature  of  a  spherical  Conic. 

The  formula  already  given  (24)  for  the  differential  of  the  arc 
of  a  spherical  curve  becomes,  when  we  put  in  their  values  (83)  and 
(72)  for 


and 


d.v'^  -j-  dy'^  +  {x'dy'  -  y'dx'f, 

l  +  x''+y'\ 

,               hdx  V  a*  —  6^  ic^ 
as  ■:zz 


Let  us  make  or  =  «  sin  <?>,  then,  by  the  equation  of  the  conic 
(37),  yz^T)  cos  ip  ;  and  the  differential  may  be  brought  into  the  fol- 
lowing form 


dszz:  — - —  ?  — '-:^-r:-, i 


a  V  1  +  6'^  ^1  +  «' «'  sin'^(p         ^    V 1  -  j'^  sin^(p  ' 

The  arc  is,  therefore,  represented  by  means  of  two  elliptic  integrals 
of  the  first  and  third  orders,  having  s  for  their  common  modulus ; 
the  parameter  of  the  latter  being  a*  i^. 

To  find  the  area  of  the  conic  we  may  employ  the  formula  (36). 
In  it  let  us  make 

X  -rza  cos  ^,  and  y:=:b  sin  ^, 
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as  the  equation  of  the  conic  permits,  then  we  shall  have 

, .        X b  i  ,  1  >  d6 

ff  (area)=r — —  ^  1 


Vl+a-^  l-sin*asin^^>   Vl -sin  V  sin'^/ 

The  area  may,  therefore,  be  made  to  depend  upon  two  elliptic 
integrals  of  the  first  and  third  orders  ;  the  parameter  of  the  latter 
being  —  sin^«,  and  their  common  modulus  siny. 

It  may  be  observed,  that  the  elliptic  integral  of  the  third  order 
which  presents  itself  in  the  quadrature  of  a  spherical  conic  is  of 
the  circular  and  not  of  the  logarithmic  kind,  since  sin^a  is  inter- 
mediate between  sin-y  and  1. 


THE  END. 
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